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Abstract

Computational and Statistical Guarantees for Algorithms on High-dimensional
Data

by

Yuhao Wang

Doctor of Philosophy in Computer Science

National University of Singapore

The importance of computational and statistical guarantees in building reliable
decision-making systems is increasingly evident in real-world applications. When
working with data, we must ensure that our models are both efficient and reliable,
even when the data is biased. This thesis addresses key questions in learning, testing,
and inference for high-dimensional data, introducing algorithmic innovations to han-
dle both structured models and biased sampling. The contributions are organized
into two themes: (I) Guarantees for unbiased data, ensuring optimal performance in
applications such as medical diagnosis and financial risk assessment, and (II) Guar-
antees for biased data, enabling valid inference in applications such as economics
and social sciences, where truncation, censoring, outlier, latent confounding bias
challenge traditional methods.

In the first part, we study structured models through three main problems.
Firstly, we establish general and rigorous identifiability conditions for linear Ander-
ssonMadiganPerlman (AMP) chain graph models, a broad class that generalizes
both linear structural equation models and Gaussian graphical models, even when
the chain components are unknown. Secondly, we design statistically optimal algo-
rithms for learning Gaussian trees and polytrees, achieving the best possible rates
for both distribution learning (in KL divergence) and exact structure recovery, with
finite-sample guarantees and matching lower bounds. Our methods extend the
ChowLiu algorithm for trees and adapt the PC algorithm for polytrees. Finally,
we develop a mutual information tester with optimal sample complexity for linear
models, and apply it to structure learning via the classical ChowLiu algorithm,
achieving optimal performance guarantees in this setting.

xi



In the second part, we investigate learning and inference from biased or in-
complete data, focusing on how structural constraints, such as truncation, censor-
ing, outliers, and unmeasured confounder bias affect fundamental statistical tasks.
Firstly, we study Gaussian mean testing under truncation, where samples from a
high-dimensional Gaussian distribution are only observed if they fall within a fixed
subset of the domain. We then explore the learning of high-dimensional Gaussians
from censored data, where certain coordinates in each sample are missing not at
random. Furthermore, we establish quantitative laws governing how outliers prop-
agate through causal mechanisms, offering new insights into model-based anomaly
detection. Collectively, these results advance our understanding of how to perform
reliable inference when data are incomplete, biased, or shaped by complex causal
or observational processes.
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X, Y ∈ Rd Random vectors in d-dimensional Euclidean space
Σ ∈ Rp×p Matrix; typically covariance matrix
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Õ, Θ̃, Ω̃ Asymptotic bounds up to log factors
f ≲ g, f ≳ g f ≤ Cg, f ≥ cg for constants C, c > 0
A ≲ B A ≤ c ·B for some absolute constant c > 0

2



CHAPTER 1. INTRODUCTION

Chapter 1

Introduction

1.1 Overview
The analysis of high-dimensional data has become a cornerstone of modern

statistics and machine learning, where traditional asymptotic assumptions no longer
apply. Foundational work in statistical learning theory, notably through Vapnik’s
contributions and the development of Probably Approximately Correct (PAC)-style
guarantees [Vap99; Val84], established conditions under which generalization is pos-
sible despite overparameterization. Subsequent advances in sparse recovery [CT06a;
Don06] and high-dimensional estimation [Wai19; DJW18] have introduced struc-
tural assumptions, such as sparsity, low-rankness, or manifold constraints, that
enable statistical consistency under the asymptotics of dimension. However, these
guarantees often presume access to ideal, unbiased data. A more pragmatic chal-
lenge arises when this assumption is violated, as classical methods often fail in the
presence of truncation, censoring, outliers, and unobserved confounding.

In both the ideal and imperfect data settings, a persistent gap remains be-
tween statistical optimality and computational tractability: algorithms that achieve
minimax-optimal rates are often computationally infeasible, whereas tractable meth-
ods lack rigorous guarantees. This thesis confronts these challenges on two fronts:

1. Guarantees for Unbiased Data (Part I): It addresses the trade-offs be-
tween statistical and computational efficiency for inference from unbiased
high-dimensional data, focusing on designing methods with optimal, finite-
sample guarantees.
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2. Guarantees for Biased Data (Part II): It introduces computationally
tractable procedures for valid and robust inference in the presence of the
common biases, often matching the best possible sample complexity under
structural assumptions.

By deriving finite-sample guarantees, characterizing complexity-statistics trade-offs,
and leveraging modern optimization theory across these regimes, this work con-
tributes to a unified framework for reliable and scalable inference in realistic high-
dimensional settings.

High-
dimensional

Inference
Causality

Structure
Learning

Latent
Con-

founding

Statistical
Guarantees

Minimax
Rates

Non-
asymptotic

CIs

Finite-
sample
Testing

Robustness

Outlier
Resis-
tance

Model
Misspec-
ification

Distributional
Robust-

ness

ComputationStat-
Comp

Tradeoffs

Property
Testing

Figure 1.1: Thematic Structure of This Thesis: Domains of High-Dimensional In-
ference

1.2 Motivation and Problem Statement
The technical challenges inherent in high-dimensional analysis give rise to a

fundamental, practical question: how can we be sure that the algorithms we use on
complex data will be fast, scalable, and accurate enough for real-world use? The
consequences of failing to answer this question are significant. In computational
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genomics, for instance, researchers may analyze the expression levels of over 20,000
genes to identify the drivers of a specific cancer. In quantitative finance, algorithms
must sift through thousands of market indicators to detect predictive signals for risk
management. Similarly, autonomous vehicles rely on processing vast data streams
from myriad sensors in real-time to ensure safety. In these high-stakes settings,
the risk of mistaking noise for a genuine signal is immense, as uncovering spurious
correlations can lead to dire consequences in practice.

To mitigate these risks and ensure the dependability of inference and decision-
making systems, this thesis develops algorithmic and statistical frameworks with
formal computational and statistical guarantees. The core challenge addressed is
the trade-off between statistical rigor (establishing the fundamental limits of learn-
ing and inference) and computational feasibility. We develop methods that are
either provably optimal in their use of samples or are computationally efficient
while providing strong finite-sample guarantees on accuracy and robustness.

1.3 Thesis Outline
This thesis develops algorithmic and statistical frameworks for high-dimensional

inference with formal guarantees on performance and efficiency. It is structured
around two central themes. The first focuses on inference under unbiased data,
where the goal is to design algorithms that achieve optimal statistical accuracy
within provable computational limits. The second theme addresses inference under
biased or imperfect data, where classical methods often fail due to issues such as
truncation, censoring, and outliers.

The progression systematically bridges the gap between foundational statisti-
cal theory and the demands of applied high-dimensional analysis. This journey is
organized into two complementary parts (Fig. 1.2).
Part I, Learning, Testing, and Inference from Structural Models (Chap-
ter 3 – Chapter 5) establishes a theoretical bedrock. It addresses the fundamental
question: Under ideal conditions, what are the absolute limits of statistical inference
and how efficiently can we reach them?

• Chapter 3: Identifiability of Linear AMP Chain Graph Models

5
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Part I: The
Ideal World

Inference from Unbi-
ased, Structural Data

Graphical
Models

Minimax
Optimality

Part II: The
Real World

Inference from Biased,
Imperfect Data

Truncation &
Censoring

Outlier
Robustness

Bridging the
Gap from
Theory to
Practice

Figure 1.2: Conceptual Flow of the Thesis: From Idealized Models to Robust Infer-
ence

[WB21a] investigates rigorous identifiability conditions for linear Andersson-
Madigan-Perlman (AMP) chain graph models, a broad class that generalizes
linear structural equation models.

• Chapter 4: Optimal Estimation of Gaussian (Poly) trees [Wan+24]
develops optimal algorithms for learning undirected Gaussian trees and di-
rected Gaussian polytrees, providing finite-sample guarantees and matching
lower bounds for both distribution learning and exact structure recovery.

• Chapter 5: Testing Mutual Information Optimally in Linear Models
introduces a mutual information tester with optimal sample complexity for
linear models, which is then applied to structure learning using the classical
Chow-Liu algorithm.

Part II, Learning, Testing, and Inference from Biased Data (Chapter 6–
Chapter 8) then confronts the complexities of real-world data. It asks: How can
we achieve reliable inference when our observations are corrupted by truncation,
censoring, or outliers? This part develops robust, tractable methods specifically
designed to overcome these common data imperfections.

• Chapter 6: Gaussian Mean Testing from Truncation [Can+25] con-
siders the task of testing the mean of a high-dimensional Gaussian distribution
when observations are only revealed if they fall within a fixed subset of the
domain.

• Chapter 7: Learning High-dimensional Gaussians from Censored
Data [Bha+25] provides efficient algorithms for distribution learning from
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high-dimensional Gaussian data where variables are missing not at random
(MNAR).

• Chapter 8: Toward Universal Laws of Outlier Propagation [EWJ25]
establishes quantitative laws governing how outliers propagate through causal
mechanisms, using Algorithmic Information Theory (AIT) to formalize root-
cause analysis.

1.4 Summary of Contributions
This thesis develops a unified framework for high-dimensional inference, address-

ing the critical tension between optimal statistical guarantees and real-world data
imperfections. The work systematically bridges foundational theory with practical
methodology.

• Part I (The Theoretical Bedrock): We first establish principles for learn-
ing from structural models, providing the first general and rigorous identifia-
bility conditions for a broad class of chain graphs. We then develop algorithms
for learning Gaussian polytrees with provably minimax-optimal sample com-
plexity.

• Part II (Robust Inference): Building on this foundation, we introduce a
suite of robust methods to address common data imperfections. These contri-
butions include the first sharp analysis for statistical testing under truncation,
novel algorithms for learning from self-censoring, and a principled theoretical
framework that uses Algorithmic Information Theory (AIT) to establish uni-
versal laws of anomaly propagation.

1.5 Limitations and Future Directions
No single thesis can solve all challenges in this vast field. The following areas

represent the primary limitations of the current work and point to fruitful avenues
for future research, which are discussed in detail in Chapter 9: Conclusion and
Future Work.
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• Model Assumptions: Much of the analysis, particularly in Part I, relies
on linear or Gaussian assumptions. Extending these optimality guarantees to
more complex, non-parametric model families is a significant next step.

• Computational vs. Practical Scalability: While the algorithms devel-
oped are polynomial-time and often optimal in a theoretical sense, their prac-
tical implementation for web-scale datasets (trillions of parameters) may re-
quire furthe distributed computation strategies.

• Known Bias Models: The methods in Part II assume the nature of the data
bias (e.g., the truncation set, the censoring mechanism) is known. Developing
methods that can simultaneously learn the model parameters and the nature
of the bias is a challenging but critical open problem.
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Chapter 2

Preliminaries

This chapter outline the key assumptions used throughout the thesis, grouped
by problem setting. These assumptions are critical for guaranteeing statistical iden-
tifiability, sample-efficient estimation, and robustness in high-dimensional inference.

2.1 General Notation
This section summarizes the general mathematical notation used throughout this
thesis. Scalars are denoted by lowercase letters (e.g., a ∈ R), vectors by lowercase
boldface letters (e.g., x ∈ Rp), and matrices by uppercase boldface letters (e.g., Σ ∈
Rp×p). For matrices, Aij denotes the (i, j)-th entry. We adopt standard conventions
for matrix norms, including the Euclidean norm ∥ · ∥, Frobenius norm ∥ · ∥F , and
operator norm ∥ · ∥op. Information-theoretic measures such as Kullback-Leibler
divergence DKL(P∥Q) and total variation distance DTV(P, Q) are used throughout.
Asymptotic behavior is expressed using standard notation O(·), Ω(·), and Θ(·), with
Õ denoting bounds up to logarithmic factors. Inequalities such as f ≲ g and f ≳ g

indicate comparisons up to absolute constants. These conventions are followed
consistently across all chapters to ensure clarity and uniformity in presentation.

2.2 Probability and Matrix Algebra
We begin by defining the core probability divergence metrics used throughout

this thesis to quantify the distance between distributions.

Probability Divergence Metrics
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Definition 2.2.1 (Kullback–Leibler Divergence). Let P and Q be two probability
distributions on X such that P ≪ Q (i.e., P is absolutely continuous with respect
to Q). The Kullback–Leibler (KL) divergence from P to Q is defined as

DKL(P ∥Q) :=
∫

X
log

(
dP

dQ
(x)
)

dP (x),

where dP
dQ

is the Radon–Nikodym derivative of P with respect to Q.

Definition 2.2.2 (Total Variation Distance). Let P and Q be two probability mea-
sures defined on the same measurable space X . The total variation (TV) distance
between P and Q is defined as

DTV(P, Q) := sup
A⊆X
|P (A)−Q(A)| = 1

2

∫
X
|p(x)− q(x)| dx,

where p and q denote the density functions of P and Q, respectively.

Pinskers inequality provides a fundamental connection between KL divergence
and TV distance: it guarantees that if two distributions are close in KL divergence,
then they are also close in total variation. However, the converse is not generally
true, as KL divergence is not symmetric and can be infinite even when TV distance
is small.

Proposition 2.2.3 (Pinskers Inequality). For any two probability distributions P

and Q, the total variation distance is bounded in terms of the KL divergence as

DTV(P, Q) ≤
√

1
2

DKL(P ∥Q).

Next, we introduce several useful notions of distances and norms necessary for
formulating our guarantees.

Definition 2.2.4 (Mahalanobis Distance). Let x, y ∈ Rp be vectors and let Σ ∈
Rp×p be a positive definite matrix. The Mahalanobis distance between x and y with
respect to Σ is defined as

∥x− y∥Σ :=
√

(x− y)⊤Σ−1(x− y).

Definition 2.2.5 (ℓ2 Norm (Euclidean Norm)). Let x ∈ Rp be a vector. The ℓ2

norm (or Euclidean norm) of x is defined as

∥x∥ :=

√√√√ p∑
i=1

x2
i =
√

x⊤x.
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Definition 2.2.6 (Operator Norm (Spectral Norm)). Let A ∈ Rm×n be a matrix.
The operator norm (also called the spectral norm) of A, induced by the Euclidean
norm, is defined as

∥A∥op := sup
x∈Rn, ∥x∥=1

∥Ax∥ = σmax(A),

where σmax(A) denotes the largest singular value of A.

Definition 2.2.7 (Frobenius Norm). Let A ∈ Rm×n be a matrix with entries aij.
The Frobenius norm of A is defined as

∥A∥F :=
√√√√ m∑

i=1

n∑
j=1
|aij|2.

Probability The analysis of graphical models in Chapter 3 relies on key proba-
bilistic identities, including the following generalized laws for covariance and entropy.

Fact 2.2.8 (Law of Conditional Covariance). If X, Y, Z are random variables
with strictly positive distributions with each component having finite second moment,
then:

Cov
X

(X | Y ) = E
Z

[Cov
X

(X | Y, Z) | Y ] + Cov
Z

(E
X

[X | Y, Z] | Y ).

The following result yields a very useful decomposition for covariance of normal
distributions.

Fact 2.2.9. If X = (XA, XB) is distributed jointly as a Gaussian N (0, Σ), then:

det(Cov(X)) = det(Cov(XA)) · det(Cov(XB | XA))

where Cov(XB | XA) = Cov(XB | XA = xA) is independent of xA.

Matrix Algebra. Our identifiability condition for chain graph models in Chap-
ter 3 relies on generalized matrix properties. We define the properties required for
families of positive semidefinite matrix functions below.

11



CHAPTER 2. PRELIMINARIES

Definition 2.2.10. Let Cn denote the cone of n×n positive semidefinite matrices.
We say that a real-valued function dn : Cn → R is positive and super-additive if: (i)
dn(A) > 0 for all positive definite matrices A, and (ii) for all positive semidefinite
matrices A, B:

dn(A + B) ≥ dn(A) + dn(B).

A positive and super-additive family is a collection of functions fn : Cn → R, each
of which is positive and super-additive.

We have several examples of families of positive and super-additive functions:

• Clearly, the projection on any diagonal element and the matrix trace function
are positive and super-additive.

• By Minkowski’s determinant theorem (see, e.g., [MM92]), it known that for
all A, B ∈ Cn: (det(A + B))1/n ≥ (det(A))1/n + (det(B))1/n. Hence, {det1/n :
Cn → R} is positive and super-additive.

• For χ an irreducible character on a subgroup H of Sn (the permutation group
on n elements), define the generalized matrix function with respect to H and
χ as:

dH
χ (A) =

∑
σ∈H

χ(σ)
n∏

i=1
ai,σ(i)

where A = (ai,j). [Sch18] showed that dH
χ (A) > 0 for all positive definite A.

It is also known (e.g., [Mer97], p. 228) that they satisfy the super-additivity
condition. Hence, the determinant1, permanent, and the Hadamard matrix
function (product of diagonal entries) all form positive and super-additive
families.

2.3 Graphical Model Preliminaries
This section introduces the core concepts and notation for graphical models, in-

cluding Directed Acyclic Graphs (DAGs), Causal Bayesian Networks (CBNs), and
1The super-additivity of the determinant is also directly implied by the super-additivity of

det1/n.
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Chain Graphs. These concepts are foundational, providing the necessary mathemat-
ical structure for the entire thesis, from establishing minimax optimality in Part I
(Chapter 3–Chapter 5) to modeling outlier propagation in Part II (Chapter 8).

Graphical Definitions For a directed acyclic graph (DAG) G = (V, E), for
each node k ∈ V , pa(k) = {j : (j, k) ∈ E} denotes its parent nodes, descendants
de(k) denotes the nodes that can be reached by k and nd(k) = V \ de(k) denotes
the nondescendants. The skeleton of G, sk(G), is the undirected graph formed
by removing directions of all the edges in G. For any j, ℓ, k ∈ V , a triple (j, ℓ, k)
is called unshielded if both j, k are adjacent to ℓ but not adjacent to each other,
graphically j − ℓ − k; and is called a v-structure if additionally j, k are parents of
ℓ, i.e. j → ℓ ← k. The in-degree of G is maxk | pa(k)|. A tree is an undirected
graph in which any two nodes are connected by exactly one path. A directed tree
is a directed graph in which, for some root node u, and any other node v, there is
exactly one directed path from u to v. A polytree is a directed graph whose skeleton
to be a tree. Denote the set of directed trees (resp. polytrees) over d nodes to be
T (resp. T̃ ). Note that a directed tree is a polytree with in-degree equal to one
except the root node who has no parent and T ⊆ T̃ .

These structural definitions allow us to introduce the primary graphical models
considered in this thesis, starting with the causal Bayesian network.

Definition 2.3.1 (Causal Bayesian Network (CBN)). A causal Bayesian network
over variables X1, . . . , Xn is defined by a directed acyclic graph (DAG) G = (V, E)
and a joint distribution P (X1, . . . , Xn) that factorizes as

P (X1, . . . , Xn) =
n∏

i=1
P (Xi | PAi), (2.1)

where PAi denotes the parents of Xi in G. Each conditional P (Xi | PAi) represents
an independent causal mechanism.

Gaussian Bayesian Networks In many sections of this thesis, we assume that
the joint distribution P is a Gaussian distribution, i.e., P = N (0, Σ). When P

is Gaussian, the general Bayesian network factorization (Eq. (2.1)) implies that X
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can always be expressed as the following linear structural equation model (SEM):

Xk = β⊤
k X + ηk , ηk ∼ N(0, σ2

k), (2.2)

where βk ∈ Rd is supported on pa(k) and the {ηk}d
k=1 are mutually independent.

A Gaussian distribution is said to be T -structured for some directed tree T ∈ T
(or simply tree-structured when the specific T is not important in the context) if it
satisfies Eq. (2.1) with respect to some tree T . For a distribution P and a directed
tree T , let

PT := arg min
T -structured distribution Q

DKL(P ∥ Q),

where DKL(· ∥ ·) denotes the KL-divergence. In this paper, we consider both general
Gaussians (non-realizable case) as well as tree-structured distributions (realizable
and faithful cases), i.e. Eq. (2.2) holds for some directed (poly)tree T .

Faithfulness and Markov Equivalence Class For the purpose of structure
learning, a common assumption is faithfulness, under which the DAG is identified
up to its Markov equivalence class (MEC). This concept is fundamental to the
structure learning algorithms analyzed in Chapter 4 and Chapter 5. The reader
is directed to standard references for foundational graphical concepts, such as d-
separation; see [KF09a] for more background.

Definition 2.3.2 (Faithfulness). We say a distribution P is faithful to a DAG G

if for any j, k ∈ V and S ⊆ V \ {j, k},

Xj ⊥⊥ Xk |XS ⇒ j and k are d-separated by S .

Equivalently, for any two nodes j and k not d-separated by set S, faithfulness
requires Xj ̸⊥⊥ Xk |XS. The MEC of a DAG G is the set of DAGs that encode
the same set of conditional independencies as G, which is usually represented by a
CPDAG, denoted by G. A standard approach to learning a CPDAG under faithful-
ness is the PC algorithm [SG91], which relies on conditional independence testing
to recover the skeleton and orient the edges. While faithfulness can be a strong
assumption [Uhl+13], it is known that weaker assumptions suffice. For example:

Definition 2.3.3 (Restricted faithfulness). We say a distribution P is restricted
faithful to a DAG G if

14
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1. For any (j, k) ∈ E, S ⊆ V \ {j, k}, Xj ̸⊥⊥ Xk |XS;

2. For any unshielded triple j − ℓ− k, if this is a v-structure, then Xj ̸⊥⊥ Xk |S
for any S ⊆ V \ {j, k} with ℓ ∈ S; if not, then Xj ̸⊥⊥ Xk |XS for any
S ⊆ V \ {j, k, ℓ}.

Under general faithfulness, all conditional independence relationships imply d-
separations in a DAG. In other words, all instances of d-connections lead to condi-
tional dependence. On the contrary, restricted faithfulness requires only a subset
of d-connections to imply conditional dependence. Conventionally, the first part of
Definition 2.3.3 is also named adjacency-faithfulness and the second part is named
orientation-faithfulness. With our focus on the setup where the underlying DAG
is a polytree, restricted faithfulness can be further relaxed as we will discuss in
Section 4.3.

Chain Graphs. This model is central to Chapter 3, where we study the identifi-
ability of linear AMP Chain Graph models. A chain graph is a specialized model
that may contain both directed (’→’) and undirected (’—’) edges. For a general
account of chain graph models, we refer the reader to [Lau96] and [Edw12].

A chain graph C consists of a vertex set V and an edge set E ∈ V × V . Two
vertices joined by an edge are called adjacent. A path in C is a sequence of distinct
vertices ⟨v0, . . . , vn⟩ such that vi−1 and vi are adjacent for all 1 ≤ i ≤ n, and is called
a cycle if vn = v0. Moreover, a semi-directed cycle exists if v1 → v2 is in C and
vi → vi+1, vi ←→ vi+1 or vi−vi+1 is in C for all 1 < i < n. For any subset S, the set
of parents of v is denoted as Pa(v) := {v ∈ V \ S | v → s ∈ C for some s ∈ S}, the
set of children of v is denoted as Ch(v) := {v ∈ V \S | s→ v ∈ C for some s ∈ S},
the set of neighbours is denoted as Ne(v) := {v ∈ V \S | v−s ∈ C for some s ∈ S}.
A chain graph with no directed edges is an undirected graph (UG), while a chain
graph with no undirected edges is a DAG. For vertices (u, v) ∈ E but (v, u) ̸∈ E, we
write u→ v, where vertex u is a parent of v. If both (u, v) ∈ E and (v, u) ∈ E, we
denote it by u−v, which means u is a neighbor of v. The vertex set of a chain graph
can be partitioned into chain components {τ | τ ∈ T }, (V = ∪(τ∈T )τ). Edges within
chain components are undirected whereas edges between two chain components are
directed. A source node is any node Xτ such that Pa(Xτ ) = ∅. A sink node is any
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node Xτ such that Ch(Xτ ) = ∅. The chain components τ of a chain graph are the
connected components of the undirected graph obtained by removing all directed
edges from the chain graph. In a DAG, all chain components are singletons. For
S ⊆ V , CS denotes the induced subgraph on S.

By taking into account the directed connections of chain components, an AMP
chain graph admits a topological ordering of its chain components. For statistical
identifiability of chain graph C, we will consider it sufficient to learn the partition
into chain components τ1, . . . , τt, and a topological ordering≺ such that τj → τk =⇒
τj ≺ τk. One can learn the directed and undirected edges using standard parameter
estimation algorithms.

2.4 Models of Data Imperfection and Bias
In Part II of this thesis (Chapter 6 to Chapter 8), we shift focus from idealized

learning settings to realistic ones, where data may be compromised. This section
introduces the precise mathematical models that describe truncation, censoring,
and outlier generation.

2.4.1 Truncation

The truncation model is the focus of Chapter 6, where we study Gaussian mean
testing.

Truncated Gaussian Distribution. Let N (µ, Σ) represent the normal distri-
bution with mean µ and covariance Σ, whose probability density function is given
by:

N (µ, Σ; x) = 1√
det(2πΣ)

exp
(
−1

2
∥x− µ∥2

Σ

)
.

We denote the truncated normal distribution restricted to a set S as N (µ, Σ, S),
with the probability mass of S under this distribution written as N (µ, Σ; S). The
corresponding probability density function is:

N (µ, Σ, S; x) =


1

N (µ,Σ;S) · N (µ, Σ; x) x ∈ S

0 x ̸∈ S
.
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We can then write the population negative log-likelihood ℓ̄(·) for data coming
from a truncated normal with mean µ and covariance matrix Id as:

ℓ̄(v) = Ex∼N (µ,Id,S)

[1
2

xT x− vT x
]

+ log
(∫

S
exp

(
−1

2
zT z + vT z

)
dz
)

. (2.3)

In Chapter 6, we focus on spherical Gaussian (covariance matrix is Id), so our
log-likelihood function only has one parameter. We can write the gradient of the
negative log-likelihood function ℓ̄ as with respect to v (∇l̄(v)) as follows:

∂l̄(v)
∂v

= −Ex∼N (µ,Id,S)[x] + Ez∼N (v,Id,S)[z] (2.4)

Throughout Chapter 6, we will use S to indicate the support of P after trunca-
tion and µS = Ex∼N (µ,Id,S)[x] the truncated mean of some multivariate normal P

(or the mean under truncation).
The following lemma, adapted from established work on truncated statistics

[Das+18], establishes a strong convexity property crucial for proving the conver-
gence of our estimation algorithms in Chapter 6.

Lemma 1 (Strong convexity with truncation adapted [Das+18, Lemma 4]). Let
Hℓ be the Hessian of the negative log likelihood function ℓ̄(v), with the presence of
arbitrary truncation S such that N (µ, Id; S) ⩾ β for some β ∈ (0, 1]. Then it holds
that

Hℓ(v) ⪰ 1
213

(
β

C

)4

·min
{

1
4

,
1

16∥µ∥2
2 + 1

}
· Id,

where C is a universal constant.

Let D = {Pv|v ∈ Sd} denote a family of distributions constructed in the follow-
ing manner: Fix a one dimensional distribution A and pick a unit d-dimensional
vector v ∈ Sd uniformly at random. Pv is a copy of A in the direction of v and
standard normal in directions orthogonal to v.

Proposition 2.4.1 (Sample complexity lower bound for high-dimensional testing
[DKS16, Proposition 7.1]). Let A be a distribution on R such that A has mean 0
and χ2(A,N (0, 1)) is finite. Then, there is no algorithm that, for any d, given
N < d/(8χ2(A,N (0, 1))) samples from a distribution D over Rn which is either
N (0, 1) or Pv ∈ D, correctly distinguihes between the two cases with probability 2/3.
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region

True Mean

Empirical Mean

x1

x2
True N (0, I)

Empirical (Censored)

Figure 2.1: The effect of censoring on 2d Gaussian

2.4.2 Censoring

The censoring models defined in this section are the focus of Chapter 7, where
we develop algorithms for learning high-dimensional Gaussians from censored data.
Fig. 2.1 illustrates the effect of censoring on an underlying N (0, I) distribution.
When the true sample distribution is restricted to an observed region (shaded area),
the resulting observed data is biased. Consequently, the Empirical Mean (red dot)
is systematically shifted away from the True Mean (origin), highlighting the primary
challenge in estimating the true distribution parameters from censored data.

Definition 2.4.2 (Censored Gaussian Model). Let Y ∼ N (µ∗, Σ∗) be a multivariate
Gaussian in Rd with unknown mean µ∗ ∈ Rd and unknown covariance matrix Σ∗ ∈
Rd×d. Instead of observing full samples y ∈ Rd, one observes censored samples
represented by pairs (A, x), where A ⊆ [d] is the set of observed coordinates and
x = yA is the observed subvector. The censoring mechanism is governed by a known
function S : Rd → 2[d], such that A = S(y).

Definition 2.4.3 (Missingness Model). A missingness model defines the proba-
bilistic mechanism by which subsets of coordinates in y ∼ N (µ∗, Σ∗) are observed.
Formally, the observed index set A = S(y) ⊆ [d] is determined by a stochastic or
deterministic function of y. The observed data consist only of x = yA, the projection
of y onto the coordinates in A.
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Censored
(x < −1)

Observed
(x ≥ −1)

Not observed
Censoring Threshold

x

Figure 2.2: Self-censoring on 1d Gaussian

This concept is further illustrated in a simpler one-dimensional setting in Fig. 2.2,
which depicts a self-censoring model. Here, a portion of the distribution (shaded
red, x < 1) falls below a specific threshold and is not observed, while the remainder
(x ≥ 1) is observed. This visualizes how the observation status of a variable depends
directly on its own value.

Definition 2.4.4 (Self-Censoring Model). In the self-censoring model, each coor-
dinate i ∈ [d] is observed or censored based on whether y ∈ Si, where Si ⊆ Rd is a
known subset of the input space. The observation condition for coordinate i is:

xi = yi if and only if y ∈ Si.

Assumption: For every pair i, j ∈ [d], the joint observation probability P[i, j ∈
S(y)] ≥ α for some constant α > 0.

The complexity increases with the linear-thresholding model, which is illustrated
in Fig. 2.3. In this two-dimensional example, the resulting observed region is defined
by the intersection of multiple linear constraints (v1T y = b1 and v2T y <= b2). This
scenario highlights how censoring a variable depends on linear combinations of the
entire vector, necessitating the following more complex definition.

Definition 2.4.5 (Linear-Thresholding Model). In the linear-thresholding model,
each coordinate is observed if a linear inequality is satisfied. Formally, there exist
known vectors vi ∈ Rd and thresholds bi ∈ R such that:

S(y) = {i ∈ [d] | v⊤
i y ≤ bi}.
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v ⊤1 y =
b1

v⊤
2 y = b2

Observed region

True Mean

Empirical Mean
y1

y2

Figure 2.3: Two-dimensional linear-thresholding censoring model

This model allows for more structured and dependent forms of censoring, as the
observation set A depends on linear projections of the entire vector y.

The following assumptions is for the learning guarantees under the linear-thresholding
model.

Assumption 2.4.6 (Anchor Set). There exists a fixed subset A ⊆ [d] of coordinates
such that A ⊆ S(y) for all y ∈ Rd. That is, the coordinates in A are always observed.

2.4.3 Outlier

This section introduces concepts from Algorithmic Information Theory (AIT),
which provides a principled, mechanism-based framework for characterizing out-
liers in Chapter 8. We start with the fundamental definitions of complexity and
deficiency.

Definition 2.4.7 (Kolmogorov Complexity). The prefix Kolmogorov complexity
K(x) of a finite object x is the length of the shortest prefix-free program that outputs
x on a fixed universal Turing machine.

Definition 2.4.8 (Randomness Deficiency). Given a probability distribution P , the
randomness deficiency of an object x with respect to P is defined as

δ(x | P ) = log 1
P (x)

−K(x).

This measures how much less random x is compared to what P would suggest.
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The randomness deficiency quantifies how much less random an observation x

is compared to what the distribution P would suggest. We now apply this concept
within a causal framework.

Definition 2.4.9 (Independence of Mechanisms Principle (IM)). The independence
of mechanisms principle asserts that the causal mechanisms P (Xi | PAi) are al-
gorithmically independent: knowledge of one mechanism provides no information
about others. Formally, for any i ̸= j, we have

K(P (Xi | PAi) | P (Xj | PAj)) ≈ K(P (Xi | PAi)).

Definition 2.4.10 (Outlier (Informal)). Given a probability distribution P over a
sample space X , a data point x ∈ X is called an outlier if it exhibits significant devi-
ation from the typical behavior expected under P . Or equivalently, if its randomness
deficiency

δ(x | P ) = log 1
P (x)

−K(x)

is large, where K(x) denotes the Kolmogorov complexity of x.

Definition 2.4.11 (Outlier Score). Given a sample xi and its mechanism P (Xi |
PAi), the outlier score is defined as

si(xi) = δ(xi | P (Xi | PAi)).

The total score for a sample x = (x1, . . . , xn) is

s(x) =
n∑

i=1
si(xi).

The utility of AIT is demonstrated by the following decomposition and conserva-
tion principles, which hold approximately under the independence of mechanisms.

Proposition 2.4.12 (Decomposability of Randomness Deficiency [EWJ25]). Under
the independence of mechanisms principle (IM), the total randomness deficiency
decomposes across the nodes in the causal graph:

δ(x1, . . . , xn | P ) =
n∑

i=1
δ(xi | P (Xi | PAi)) + O(log K(P )).
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Theorem 2.4.13 (Weak Outlier Conservation [EWJ25] (informal)). Let x = (x1, . . . , xn)
be a sample from a CBN and P be the joint distribution. If xj is not an outlier un-
der its local mechanism, then its presence cannot cause xi to become a strong outlier
under another mechanism. That is, weak local deviations cannot amplify into global
anomalies.
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Part I

Learning, Testing, and Inference
from Structured Model
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Chapter 3

Identifiability of Linear AMP Chain
Graph Models

3.1 Introduction
Probabilistic graphical models offer architectures for modeling and representing

uncertainties in decision making. From a computational standpoint, graphical rep-
resentations enable efficient algorithms for inference, e.g., message passing, loopy
belief propagation, and other variational inference methods [KFL01]. They have
found applications in a wide range of domains, e.g., image processing, natural lan-
guage processing and computational biology; see [KF09b; WJ08a] and references
therein for examples.

A typical application of graphical models is to encode causal information. An
influential article from [Pea95] elucidated how Bayesian networks can be used to
represent causal processes and allow identification of causal effects. The graphical
structure of a Bayesian network is a directed acyclic graph (DAG). Each node has a
functional dependency on its parents, as determined by the graph. A popular way
to substantiate Bayesian networks is as a linear structural equation model (SEM)
where variables that correspond to nodes in the graph are a linear function of their
parents’ values plus additive independent noise (often Gaussian) [Bol89; Spi+00].
[Hoy+08a] defined the more general additive noise model where each node is an
arbitrary function of its parents with an additive independent noise.

While Bayesian networks offer a clear conceptual way to model the causal struc-
ture of a system, they are in practice very hard to infer from data, as they require
knowledge of how every single variable is generated. In applications involving hun-

24



CHAPTER 3. IDENTIFIABILITY OF LINEAR AMP CHAIN GRAPH
MODELS

dreds of variables (e.g., in computational biology), this requirement is unreasonable,
particularly because at the end, we may only be interested in causal effects on a few
target variables. Furthermore, in SEMs modeled by Bayesian networks, the noise
terms of different variables must be independent whereas in real-world systems,
correlations can arise for various reasons (e.g., latent confounders). An interesting
middle ground is the notion of chain graphs [LW89]. Here, the variable set is par-
titioned into chain components, and there is a DAG on these chain components.
The variables inside each chain component, however, are connected by undirected
edges, not directed ones. See Fig. 3.1 for an illustration. Thus, chain graph models
interpolate between directed (causal) models and undirected (probabilistic) models.

Figure 3.1: Chain graphs. Each shaded region is a maximal chain component.

There are several prevalent interpretations of chain graph models, namely the
Lauritzen-Wermuth-Frydenberg (LWF) [LW89; Fry90], Alternative Markov Prop-
erty or Andersson-Madigan-Perlman (AMP) [AMP01], and Multivariate Regression
(MVR) [CW93]. They differ in the conditional independence relations implied by
the graphical structure. In this work, we restrict ourselves to the linear AMP model,
which is very natural from a generative viewpoint. Let C be an AMP chain graph1

on n nodes. Suppose the nodes are partitioned into chain components {τ}. Then,
we say that a random variable X ∈ Rn is generated by C if for every chain component
τ :

Xτ = Mτ XPa(τ) + Zτ (3.1)

where Xτ is X restricted to τ , Pa(τ) = {v : ∃u ∈ τ, v →C u}, Mτ is a matrix
satisfying:

(Mτ )uv ̸= 0 =⇒ v →C u,

1See Notations and Preliminaries section for formal definitions.
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and Zτ is independent from XPa(τ) and is a multivariate Gaussian drawn from
N(0, Στ ) where Στ satisfies:

(Σ−1
τ )uv ̸= 0 =⇒ u C v

The last condition ensures that N(0, Στ ) is Markovian with respect to the undi-
rected induced subgraph Cτ on τ . One may also consider the additive noise AMP
formulation where each

Xτ = fτ (XPa(τ)) + Zτ , (3.2)

the noise Zτ is as above, and the function fτ is arbitrary, provided it satisfies the
directed graph structure:

(∂fτ )u

∂Xv

̸= 0 =⇒ v →C u.

The directed edges of the AMP chain graph form a Bayesian network structure
on the chain components, while for each τ , the undirected induced subgraph Cτ

describes a Gaussian Markov model for Xτ | XPa(τ).
In this chapter, we focus on the question of identifiability of chain graph mod-

els. That is, given knowledge of the distribution of X, can we recover the AMP
chain graph C generating X? Moreover, can we recover C in polynomial time? For
Bayesian networks2, the study of identifiability has received sustained attention for
more than two decades. In general, the problem is computationally hard [Chi96],
but by making faithfulness or related assumptions, many sets of researchers (e.g.,
[Spi+00; Chi02b; ZS16; RU18]) have shown that the underlying DAG can be recov-
ered up to its Markov equivalence class. This is quite unsatisfactory as the faithful-
ness assumption becomes too restrictive in the presence of finite sample error and
the DAG is not uniquely identifiable. In a different line of work, [PB14a] showed
that C is exactly identifiable for linear Gaussian SEMs if all the noise terms have
equal variance. [GH17b; GH18a] and [PK20] established identifiability conditions
for linear SEMs even with unknown heterogeneous error variances. Most recently,
[Par20b] extended these conditions to additive noise models, while [GDA20a] fur-
ther generalized to arbitrary Bayesian networks. See also [Ebe17] and [GZS19] for
other perspectives.

2For Gaussian graphical models, identifiability reduces to finding the inverse of the covariance
matrix.
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We extend these identifiability conditions from DAGs to linear AMP chain graph
models. Our main contributions are:

(i) Additive noise AMP with known chain component decomposition:
We give a general class of identifiability conditions (generalizing the equal
variance condition for linear SEMs) that imply identifiability of the DAG on
a known collection of chain components. For instance, the DAG is identifiable
if the determinant of the conditional covariance of a chain component τ given
τ ’s parents3 is the same for all τ . More generally, it is sufficient for this
determinant to be monotonically non-decreasing with respect to a topological
order on the chain components. The same is true if the trace or the permanent
satisfies the monotonicity condition.

(ii) AMP with unknown chain component decomposition: We give an
identifiability condition for recovering the chain components as well as the
DAG for the standard AMP chain graph model. Informally, the requirement
is quite natural: the variables in each chain component should be tightly
correlated, while as a whole, each chain component should have large variance
conditioned on its parents. More formally, the conditions are that:

(a) If S is a proper subset of a chain component τ :

det(Cov(XS | Xτ\S, XPa(τ))) < 1

(b) det(Cov(Xτ | XPa(τ))) is greater than 1 and equal for all chain compo-
nents τ . (Again, similar to (i) above, one can relax “equal” to “mono-
tonically non-decreasing”.)

In our conditions, the determinant of the covariance matrix of Gaussians plays
a central role, and this is for good reason. If X ∼ N(0, Σ) is an n-dimensional
Gaussian, then det(Σ) is the generalized variance of X and is related to its differ-
ential entropy. Namely, the differential entropy of X is 1

2(log det(Σ) + n log(2πe));
see, e.g., [KSG08; Yu15]. So, one can interpret condition (a) above as: If S is a
proper subset of τ , its differential entropy conditioned on τ \ S and τ ’s parents is

3Note that if the generating equation is Xτ = B ·XP a(τ) +Zτ , where Zτ = (0, Στ ) is the noise,
then Cov(Xτ |XP a(τ)) = Στ .
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smaller than a threshold. Similarly, the first part of condition (b) can be restated
as: If S equals τ , the differential entropy of S conditioned on its parents is larger
than a threshold.

These identifiability conditions come with polynomial time algorithms. No-
tably, our algorithm for recovering the chain components in (ii) above involves a
non-trivial submodular function minimization, in contrast to the more straightfor-
ward algorithms known for identifying linear SEMs and Bayesian networks [Par20b;
GDA20a] under analogous conditions. The conditions in (i) and (ii) that deter-
minants of residual covariances are equal is especially relevant where each chain
component corresponds to the same physical system (e.g., in time series data).

3.2 Technical Overview
In this section, we describe some of the intuition behind our identifiability con-

ditions.

C1 C2

Figure 3.2: Chain graph identifiability: how to determine which of these graphs is
generating a given joint distribution P (X1, X2, X3)?

Known chain components. Consider Fig. 3.2 which shows two chain graphs C1

and C2; the question is to determine which of these graphs is generating a given

joint distribution (X1, X2, X3). In C1, let

X1

X2

 ∼ N (0, Σ1), and X3 = β1X1 + Z,

where β1 ̸= 0 and Z ∼ N (0, σ2). In C2, let

X1

X2

 =

β2

0

X3 + Z where β2 ̸= 0,

Z ∼ N (0, Σ2) and X3 ∼ N (0, σ2). Assume Det(Σ1) = Det(Σ2) = σ2, so that in
both models, the determinant of the covariance of each chain component conditioned
on its parents is σ2.
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We claim one can distinguish between C1 and C2 based on the generated distri-
bution. Our algorithm first finds the chain component τ minimizing det(Cov(Xτ )).
Note that for C1, using the independence of Z: Cov(X3) = β2

1 Cov(X1) + Cov(Z) ≻
Cov(Z), assuming4 Cov(X1) ≻ 0. Hence, det(Cov(X3))> det(Z) = σ2 = det(Cov(X12)).
On the other hand for C2, det(Cov(X12)) > σ2 = det(Cov(X3)). Thus, the chain
component with the smallest determinant of the covariance can be identified as the
first in a topological ordering. This can be understood as the uncertainty level of
the parents is less than its children. Once the first chain component is known, we
can select the second by choosing the one that minimizes the determinant of its co-
variance conditioned on the first chain component, and so on. It suffices to find the
topological order because as described in [GDA20a], one can identify the directed
edges by standard variable selection methods.

Note that the only property we used of the determinant is that det(A + B) >

det(A) if B is strictly positive definite. This property holds not only for the deter-
minant but for many natural matrix functions. For example for any i, the diagonal
entries (A + B)ii > Aii when A and B are positive definite. Carrying out the same
logic as above but now using projection to diagonal entries instead of determinants
implies that the chain component DAG is identifiable when all the individual vari-
ables have equal variance, extending the result of [PB14a] to chain graphs. In fact,
there is a large class of functions called “generalized matrix functions” that satisfy
the desired super-additivity condition and hence result in identifiability conditions
for the DAG on chain components.

Unknown chain components. Consider again C1 from Fig. 3.2, but suppose
now that we do not have the chain component partitioning. Let (X1, X2, X3) be
generated as described above. In addition to imposing the condition that det(Σ1) =
σ2, we now also require that: (i) det(Cov(X1|X2)) and det(Cov(X2 | X1)) are5

strictly less than 1, and (ii) σ2 is strictly greater than 1.
4In this work, we make the assumption everywhere that all covariance matrices are strictly

positive definite.
5det(Cov(X2 | X1)) is well defined, since (X1, X2) are jointly Gaussian, and hence, for any

choice of x1, Cov(X2 | X1 = x1) is the same.
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Now, we can show that

det(Cov(X12)) = min
S⊆{1,2,3}

det(Cov(XS)).

Observe that det(Cov(X3)) > det(Cov(X12)) already follows from the earlier dis-
cussion. We now compare det(Cov(X12)) to det(Cov(X1)) and det(Cov(X2)). We
use the fact that:

det(Cov(X12)) = det(Cov(X1)) · det(Cov(X2 | X1)).

This follows from standard facts about multivariate Gaussians. From our assump-
tion det(Cov(X2 | X1)) < 1, we get that det(Cov(X1)) > det(Cov(X12)). The
same holds for det(Cov(X2)). Finally, we need to show that det(Cov(X123)) >

det(Cov(X12)). Again, we can invoke the above fact:

det(Cov(X123)) = det(Cov(X12)) · det(Cov(X3 | X12)).

Our conclusion follows from the assumption σ2 > 1.
For a general chain graph, it similarly follows that the non-empty set S mini-

mizing det(Cov(XS)) is the topologically smallest. We can identify the next com-
ponent by conditioning on the components already discovered, which results in a
Gaussian on the rest, and then finding a non-empty subset with conditional co-
variance matrix of smallest determinant. This algorithm can be implemented effi-
ciently. The reason is that for any positive definite n × n-matrix M , the function
F (S) = log det(M [S, S]), where M [S, S] is the submatrix on rows and columns
indexed by S ⊆ [n], is submodular. F , as noted earlier, corresponds to the dif-
ferential entropy of a Gaussian vector with covariance M , which is a submodular
function, plus an additional modular term. The problem of submodular function
minimization has a long and rich history, beginning with the seminal works of
[GLS81; GLS12] and continuing to the current day [IFF01; Sch00; LSW15; DVZ18;
Jia21]. Thus, we can invoke any of these known polynomial-time algorithms for
submodular function minimization to recover the chain components in topological
order.
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3.3 Related Work

3.3.1 Learning DAG Models.

The literature on learning pure DAG models is vast. One popular approach is
to exploit the constraints imposed by Markov structure, e.g., the PC algorithm and
its variants, like Fast Causal Inference (FCI), Really Fast Causal Inference (RFCI)
and Cyclic Causal Discovery (CCD) [SGS01; Spi+00; Ric13; Col+11; TS13; HD13;
CM14] under different assumptions. Another important class of algorithms aims
to maximize a score function over the space of DAG’s, such as Greedy Equivalence
Search (GES) [Chi02b; Ram+17; NHM+18] and a recent line of work that for-
mulates score maximization as a continuous optimization problem (e.g., [Zhe+18;
Zhe+20; WGY20]). This latest direction has resulted in algorithms that learn the
DAG structure with deep learning methods (e.g., [Yu+19; Lac+20; Wan+20]).

3.3.2 DAG Identifiability.

A probability distribution may be Markov with respect to many Bayes net-
works; so for exact identifiability, one needs to impose more structural constraints
on the DAG model. For Structural Equation Models (SEM’s), identifiability can be
established by leveraging asymmetries between variable pairs [Shi+06a; Moo+16],
restricting SEMs to having additive noise, such as linear non-Gaussian acyclic model
(LiNGAM) [Shi+06a], general additive noise models [Pet+14], Post-nonlinear model
(PNL) [Zha+16], or equal and unknown error variance [PB14a; GH17b; Ebe17;
GH18a; CDW19; GZS19; PK20; Par20b; GDA20a].

3.3.3 Partially Directed Acyclic Graph (PDAG)

An acyclic graph containing both directed and undirected edges is a Partially Di-
rected Acyclic Graph (PDAG) [VP90], also called chain graph (C). When the entire
PDAG is undirected, it forms a single chain component, also known as undirected
graphical models (UGs), Markov random fields or Markov networks. When the en-
tire PDAG is directed, each node is a chain component, also known as Directed
Acyclic Graphical Models (DAGs).
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3.3.4 Markov Equivalence Class

Chain graphs are commonly used to represent equivalence classes of DAGs. This
happens when we targets at learning a DAG model from purely observational data,
and generally cannot identify the unique DAG representing the underlying data gen-
eration mechanism, but can potentially obtain a Markov equivalence class. [VP90]
proves that two DAGs are Markov equivalent if and only if they have the same
v-structures and the same skeleton. Moreover, [AMP97] shows that a Markov
equivalence class can be represented uniquely by an essential graph. This kind of
representation also named as patterns [SM95], maximally oriented graphs[Mee95],
or completed PDAG (CPDAG) [Chi02a]. A Markov equivalence class is used to
represent a set of DAGs.

3.3.5 Chain Graph Interpretations

While DAGs works well in representing the asymmetric cause and effect relation-
ships. However, the representation falls short if we have both symmetric and asym-
metric relations simultaneously in a system. To further facilitate the characterizing
of both symmetric and asymmetric relationships together, there exist three main
different interpretations of chain graphs in the literature: the Lauritzen-Wermuth-
Frydenberg (LWF) [LW89; Fry90], Alternative Markov Property or Andersson-
Madigan-Perlman (AMP) [AMP01], and Multivariate Regression (MVR) [CW93].
The interpretation of directed edges is quite clear, the undirected edge can have
many different interpretations. Depending on the representation of the type of
edges.

3.3.6 Three Types of Chain Graph Models

Specifically, in LWF chain graph, undirected edges represents causal effects due
to interference [SP15; STA17; BMS20]. Besides, MVR models [CW93; JV18] are
equivalent to the acyclic directed mixed graphs without semi-directed cycles. Dif-
ferent from the undirected edges in LWF, MVR CGs actually contains bi-directed
edges, represent one or more hidden common causes between the variables connected
by it. For example, X ←→ Y can be repaleced by X ← H → Y . In the AMP CG
model [AMP01], it preserves some component-wise characteristics of DAGs, and
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thus can be seen as a more direct generalization of DAG Markov properties than
the LWF Markov properties of CGs. The undirected edges in AMPs can be seen as
UGs.

In short, nodes in LWF and AMP CGs are connected to each other by undi-
rected edges. In MVR CGs, nodes are connected by bidirected edges. The chain
components are then themselves connected to each other by directed edges. LWF,
AMP and MVR CGs are just suited to different problems, similarly to the way that
DAGs and UGs are different from each other.

3.3.7 Learning AMP Chain Graph Models.

AMP chain graphs, our focus in this work, have been less widely studied than
pure DAG models and more in the statistics literature than computer science. Infor-
mally speaking, [Peñ15] showed that any AMP model can be viewed as arising from
a DAG causal model subject to selection bias. [LPM01] introduced a pathwise sep-
aration criterion to characterize conditional independence relations in AMP chain
graphs. [Rov05; SR09; Peñ17a] studied the equivalence classes of chain graph mod-
els, and [Peñ18] provided a factorization for positive distributions that are Markov
with respect to an AMP chain graph. [Drt+09] showed that the AMP conditional in-
dependence relations may lead to non-smooth models for discrete variables. [Peñ14b;
Peñ16] investigated extensions to the AMP model, e.g., the marginal AMP model
(MAMP) that is a common generalization of AMP and MVR. When the chain
graph structure is known, [DE06] proposed an algorithm for maximum likelihood
estimation of the model parameters. [Peñ12; Peñ14a; PG16] proposed PC-like,
a constraint based algorithm under faithfulness assumptions for learning the struc-
ture of AMP and MAMP models. Peña also designed a score-based algorithm
for AMP model structure learning similar to the work on additive noise models
[Peñ17b] and an algorithm based on answer set programming [Peñ16]. Recently,
[JVJ20] solved the problem of efficiently finding minimal separating sets in AMP
chain graphs and obtained a new decomposition-based structure learning algorithm
called Lcd-AMP.
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3.4 Identifiability with Known Chain Component
Decomposition

In this section, we give a general class of conditions which are sufficient to ensure
that the DAG structure of the chain graph is identifiable from data generated by it.
Here, the chain component decomposition D is already known to the algorithm. D
consists of t disjoint maximal chain components that partition the variable set.

We formulate our results for general AMP chain graph models. They will im-
mediately imply the conditions for additive noise AMP models mentioned in Sec-
tion 2.3.

Algorithm 1: Learning the topological order of a chain graph with chain
component decomposition D of size t

Input :A, P ← ∅, i← 0
1 while |A| ̸= t do
2 τi ← arg minτ∈C\A d|τ | (E [Cov(Xτ | XP )]);
3 A ← A∪ {τi};
4 P ← P ∪ τi;
5 i← i + 1;

Theorem 3.4.1. Suppose the random variable X is generated by an AMP-CG C
with known chain component decomposition D. Then, C is identifiable from P if
there exists a topological ordering π of C and a positive and super-additive family
{dn : Cn → R} such that:

d|τ |

(
E

XPa(τ)
Cov
Xτ

(Xτ | XPa(τ))
)
≤ d|τ ′|

(
E

XPa(τ ′)
Cov
Xτ ′

(Xτ ′ | XPa(τ ′))
)

(3.3)

for any two chain components τ, τ ′ where τ ≺π τ ′.

The following corollary is immediate.

Corollary 3.4.2. Suppose X corresponds to an additive noise model generated by
a chain graph C, i.e.:

Xτ = fτ (XPa(τ)) + Zτ ,

where the noise term Zτ is independent of XPa(τ), for all chain components τ of D.
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Then, given the chain component decomposition, a topological ordering of D is
identifiable from X if there exists a topological ordering π of D such that

det(Cov(Zτ )) ≤ det(Cov(Zτ ′))

for all chain components τ ≺π τ ′.

Non-parametric algorithm. We give a finite-sample version algorithm using the
determinant as dn. One can estimate det(E[Cov(Xτ | XP )]) by (i) using a non-
parametric regressor F̂τ,P (XP ) to estimate E[Xτ | XP ] with n1 samples, and (ii)
using a plug-in estimator on n2 samples:

det
(

1
n2

n2∑
i=1

(
(X(i)

τ )⊗2 − F̂ ⊗2
τ,P (X(i)

P )
))

Using standard non-parametric regularity conditions, we can lower bound the
probability of the algorithm recovering the true topological order. Note that the
result does not depend on the particular choice of the estimator F̂τ,P as long as
it is asymptotically consistent. Due to space constraints, a detailed statement is
deferred to the appendix.

3.5 General Identifiability
In this section, we establish identifiability conditions for recovering both the

chain components as well as the DAG structure of chain graphs from the generated
probability distribution. Here, by identifiability, we mean that the partitioning into
chain components and the topological order on the chain components are uniquely
specified. The exact set of directed and undirected edges can then be recovered using
standard variable selection methods (as described in Appendix A of [GDA20a]).

Theorem 3.5.1. Suppose the random variable X is generated by an AMP-CG
C with unknown structure. Then, C is identifiable from X if the following three
conditions hold:

(i) For all chain components τ and all non-empty proper subsets S ⊂ τ :

det(Cov(Xs | Xτ\s, XPa(τ))) < 1.
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Algorithm 2: Infinite sample algorithm for learning the topological order
of a chain graph with unknown chain components.

Input : P ← ∅, i← 1
1 τ1 = arg minS⊆V, S ̸=∅ det(Cov(XS));
2 P ← P ∪ τ1;
3 while V \ P ̸= ∅ do
4 τi ← arg minS⊆V \P, S ̸=∅ det(Cov(XS | XP ));
5 P ← P ∪ τi;
6 i← i + 1;
7 return the topological sort (τ1, . . . , τi);

(ii) For all chain components τ :

det(Cov(Xτ | XPa(τ))) > 1.

(iii) There is a topological order π on the chain components such that for all τ ⪯π

τ ′:
det(Cov(Xτ | XPa(τ))) ≤ det(Cov(Xτ ′ | XPa(τ ′))).

Informally speaking, for any subset S, given its complementary set and parents
union of τ in C, we require the variables in each chain component to be tightly
correlated. Besides, given the union of the parents of chain components τ , we
require the clustered variables in each chain component to have large generalized
variance. The third condition is the same one imposed in the identifiability with
known chain component decomposition section.

There is a geometric way to view the conditions in Theorem 3.5.1, which sub-
stantiates the intuition that they require each chain component to cluster together
while having large variance as a whole. Recall that for any matrix M , det(M) cor-
responds to the volume of the parallelepiped spanned by the rows of M . Let the
chain components be denoted τ1, . . . , τk in a topological order. For i = 1, . . . , k,
let Mi denote the covariance matrix of Xτi

| Xτ1∪···∪τi−1 , and let M denote the full
covariance matrix, Cov(Xτ1∪···∪τk

). From fact 2.2.9,

det(M) = det(M1) · · · det(Mk). (3.4)

Let Vi denote the set of row vectors of Mi, and we identify Vi with the paral-
lelepiped it spans. Due to Eq. (3.4), we can view each Vi as residing in a subspace
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Figure 3.3: Synthetic data generation. Undirected edges correspond to correlated
noise.

orthogonal to the spans of other Vj’s, so that their volumes just multiply with each
other. (Alternatively, construct a block diagonal matrix M ′ where the i’th block
on the diagonal is Mi; clearly, det(M) = det(M ′).) In this language, Condition (ii)
in Theorem 3.5.1 says that the volume of each Vi is more than 1, and condition
(iii) says that the volumes are non-decreasing with i. Condition (i) says that for
any Vi, the volume of any sub-parallelepiped is larger than the volume of the whole.
Intuitively, this means that the vectors in Vi form very small angles with each other,
so that the volumes keep decreasing as more vectors are added.

Computational Efficiency. It is known that Algorithm 2 can be implemented in
polynomial time. This is because the optimization problems in lines 3 and 5 of the
pseudocode correspond to submodular function minimization, as explained earlier.
A slight non-triviality is that the optimization is over all non-empty sets instead
of over all sets. However, it is well-known how to reduce this to unconstrained
minimization (e.g., see Section 4.1 of [GR20]).

3.6 Experiments
In this section, we compare the performance of Algorithm 1 and Algorithm 2

on synthetic datasets to state-of-the-art methods for AMP chain graph structure
learning. Recall that as we showed in Theorem 3.4.1, the DAG on the chain com-
ponents of an AMP chain graph is identifiable if (3.3) is satisfied for a positive and
super-additive family dτ . Here, we let dτ be the determinant operator, and hence
dub our algorithm as Determinant of Covariance (DCOV).
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Algorithm 1 (known chain
components)

Algorithm 2 (unknown chain
components)

Figure 3.4: SHD performance (lower is better)

3.6.1 Synthetic Data Generation.

To generate the chain graph C, in our first step, an undirected graph G with n

nodes is generated by using the Erdős Rényi (ER) model with an expected neighbor
size s = 2 and then symmetrizing. Given the number of chain components c, we split
the interval [1, n] into c equal-length sub-intervals [I1, . . . , Ic] so that variable sets
for each sub-interval forms chain components τ1, . . . , τc. Meanwhile, for any (i, j)
pair, we set Ci,j = 0 if ∃i ∈ Iℓ, j ∈ Im, ℓ > m. Given the binary adjacency matrix C,
we generate the matrix M of edge weights by Mi,j ∼ U(−1.5,−0.5] ∪ U [0.5, 1.5) if
Ci,j ̸= 0 and Mi,j = 0 otherwise.

The observational i.i.d. data Xτ = Mτ XPa(τ) + Zτ is generated with a sample
size n = 1000 and a variable size d ∈ {10, 20, 30, 40, 50}. Zτ is an independent
multivariate Gaussian drawn from N(0, Στ ) where Στ is generated randomly with
det(Στ ) = 1, satisfying the assumption of Corollary 3.4.2. Figure 3.3 illustrates how
the synthetic AMP chain graph data is generated.

3.6.2 Baseline Algorithms.

We compare our DCOV method against the PC-Like [Peñ12; Peñ14a; PG16],
Stable-PC4AMP [JVJ20], and LCD algorithm (Learn Chain Graphs via Decom-
position) [MXG08]. We use default parameters among those baseline algorithms
in order to avoid skewing the results in favour of any particular algorithm as a re-
sult of hyperparameter tuning6. All the baseline algorithms above are implemented

6The implementation of baseline algorithms is available at https://github.com/majavid/
AMPCGs2019.
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using R-packages (licensed under GPL-2 or GPL-3) such as ggm [Mar+06], pcalg
[Kal+12], mgcv [WW15], np [RH20], and lcd [MXG08]. We use rpy2 [Gau12] to
access R-packages from Python and ensure that all algorithms can be compared in
the same environment. The results are averaged over 20 independent repetitions.
The experiments were conducted on an Intel Core i7-9750H 2.60GHz CPU.

3.6.3 Implementation of DCOV.

We implement Algorithm 2 using the Matlab toolbox Submodular Function

Optimization [Kra10]. Each iteration of Algorithm 1 and Algorithm 2 estimates
the conditional covariance of the remaining chain components using the finite-
sample algorithm mentioned earlier. Like [GDA20a], we run a gam regression to
estimate conditional expectations. We set the p-value with significance level of 0.001
for determining the parents of the node.

3.6.4 Performance Evaluation Metrics.

We evaluate the performance of the proposed algorithms in terms of the four
measurements, namely, true positive rate (TPR), false positive rate (FPR), accuracy
(ACC), and structural hamming distance (SHD) that are commonly used in [JVJ20;
CM14; MXG08].

3.6.5 Agnostic learning

When the chain components are unknown, our theoretical results treat the case
that the data is realized following the conditions in Theorem 3.5.1. A straight-
forward question is: how the algorithm performs when the condition is violated?
To answer this question, we conduct agnostic learning experiments by showing the
experiment results based on the following conditions:

1. Chain graph experiments: Take the opposite condition from Theorem 3.5.1, where
det(Cov(Xτ | XPa(τ))) ≤ 1.

2. DAG experiments: Evaluate the performance of our algorithms on synthetic Di-
rected Acyclic Graph (DAG) data;

a) The variance for each node is equal and > 1;
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b) The variance for each node is uniformly in [0.5, 1.5];

3.6.6 Summary of Experiment Results.

As shown in Fig. 3.4, DCOV, under both known and unknown chain component
conditions, shows superior performance compared with all other baselines by wide
margins. This is because the identifiability condition we proposed provides a cor-
rectness guarantee for the recovery of chain-graph structures. Surprisingly, in the
DAG structure learning task, if the condition in Theorem 3.5.1 holds, our unknown
chain graph structure learning algorithm ( Algorithm 2) can correctly identify the
special one-node chain component structures. It also shows superior performance
over all other baseline methods. Besides, in our chain graph agnostic learning ex-
periments, when node number increases, although SHD is still lower than other
baseline algorithms, the ACC, TPR, and FPR performances are relatively worse.
Furthermore, we also conduct agnostic learning experiments on DAG structures.
Since our proposed condition does not hold in this case, in the worst condition,
Algorithm 2 can wrongly treat all the nodes in a DAG graph as one chain com-
ponent. This leads to the highest SHD and FPR, and lower ACC performance in
our experiment results. We also evaluate the performance of Algorithm 1 on four
real Gaussian Bayesian networks from R package bnlearn [Scu09]. The ECOLI70
graph provided by [SS05] contains 46 nodes and 70 edges. The MAGIC-NIAB
graph from [Scu+14] contains 44 nodes and 66 edges. The MAGIC-IRRI graph
contains 64 nodes and 102 edges. The experimental details are available in the sup-
plementary material. One limitation of this work is the lack of real datasets that
can be modeled by chain graphs.

3.7 Conclusion
In this chapter, we address the problem of recovering linear AMP chain graph in

polynomial time from observational data, and we proposed two algorithms for both
known and unknown chain components to handle the problem. In our experiments,
we implemented our algorithms over both known and unknown chain components.
As future work, we are also interested in exploring a score-based approach for chain
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graph structure learning from observational data.
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Chapter 4

Optimal estimation of Gaussian (poly)
trees

4.1 Introduction
Graphical models are a classical statistical tool for efficiently modeling data with

rich, combinatorial structure. Directed acyclic graphs (DAGs) are widely used to
capture causal relationships among complex systems. Probabilistic graphical mod-
els defined on DAGs, known as Bayesian networks [Pea+00], have found broad ap-
plications in various disciplines, from biology [MS07; Zha+13; AE10], social science
[GK08], knowledge representation [VLP08], data mining [Hec97], recommendation
systems [HLH12], legal decision making [Tha04], and more. When this structure
is known in advance, it is straightforward to exploit this structure for inference
tasks, among other things [WJ08b]. When this structure is unknown, it is must
first be learned from data, which is the difficult problem of structure learning in
graphical models. First, observational data only reveal the Markov equivalence
class, captured by a completed partially directed acyclic graph (CPDAG) [AMP97].
Classical approaches to learning a CPDAG from data include the PC algorithm
[SG91; KB07] and GES [Chi02c; NHM+18]. Moreover, it is also known that the
general problem of learning DAGs from observational data is an NP-complete prob-
lem [Chi96; CHM04; CDW19], although a few polynomial-time algorithms have
been proposed for special cases [GH17c; CDW19; Par20a; GDA20b].

An important unresolved problem in this direction is to characterize the sample
complexity of structure learning, or the minimum number of samples required to
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learn the graph from data. The past decade has produced a broad literature on
this problem, mainly focused on undirected graphical models (i.e. Markov random
fields [Wai19; WWR10; SW12]). By comparison, much less is known about DAGs.
In this paper, we study in detail the simplest unresolved DAG model, namely, di-
rected Gaussian trees. Perhaps surprisingly, despite its simplicity, and unlike in the
undirected case, the optimal sample complexity of learning directed Gaussian trees
has remained an open problem. Suppose we are given sample access to a Gaussian
distribution P = N(0, Σ), where the goal is to learn a DAG G that represents P .
While we defer formal definitions to Chapter 2, we can broadly summarize three
different problems to be addressed here at the outset:

1. (Non-realizable setting) When P is an arbitrary Gaussian (i.e. not repre-
sentable by any tree), how many samples are required to learn a tree-structured
distribution Q that is optimally close to P?

2. (Realizable setting) When P itself is tree-structured, how samples are required
to learn a tree-structured distribution Q that is optimally close to P?

3. (Faithful setting) When P is faithful to some tree T , how samples are required
to learn T itself (i.e. the tree structure) up to Markov equivalence?

It is well-known that each of these problems is solvable—in principle—under differ-
ent assumptions. For example, the celebrated Chow-Liu algorithm solves the first
two problems, however, whether or not this can be improved with a more efficient
algorithm is unknown. The same goes for the third setting: The famous PC and
GES algorithms can find a faithful DAG (even without the tree assumption), how-
ever, their optimality remains unresolved. One of our main contributions is to study
all three problems in a single unified setting, allowing for apples-to-apples compar-
isons of the assumptions required, and the resulting (optimal) sample complexity
for each.

Although faithfulness can be a strong assumption in practice, we emphasize
that to the best of our knowledge, no optimality results under this assumption are
known. Thus, our analysis presents a possible first foray in this direction. Previous
work has shown that faithfulness is notoriously challenging to analyze [e.g. Uhl+13;
GTA23].
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4.1.1 Our Contributions

We are given n i.i.d. samples X = (X(1), . . . , X(n)) ∈ Rn×d from an unknown
Gaussian P . We consider two distinct but canonical problems: Distribution learning
and structure learning. The difference between these two problems lies in the error
metric: In distribution learning, we seek to learn P in KL-divergence, with no
respect for underlying structure (i.e. there may be no structure at all), whereas
in structure learning, we assume a priori the existence of a tree T and seek to
learn T exactly, with no respect for the distribution P . Structure learning is known
to require restrictive assumptions, and thus part of our effort is to illustrate how
different assumptions lead to different conclusions and sample complexities. With
this in mind, our results consider three progressively stronger assumptions on P :
Non-realizable, realizable, and faithful.

Below, we outline our main contributions at a high-level, while deferring precise
statements and problem formulations to Section 4.2 and Section 4.3.

Non-realizable Setting Without making additional assumptions on P , we show
that1

n = Θ̃
(

d2

ε2

)
(4.1)

are necessary and sufficient to learn (with probability at least 2/3) a tree-structured
distribution that is ε-close to the closest tree-structured distribution for P .

Realizable Setting When P itself is Markov to a tree T (i.e. it is tree-structured),
then

n = Θ̃
(

d

ε

)
(4.2)

are necessary and sufficient to learn (with probability at least 2/3) a tree-structured
distribution that is ε-close to P itself.

Faithful Polytrees Switching our goal from learning the closest tree-structured
distribution to structure learning, we additionally assume that P is faithful to some

1Θ̃ is used to ignore potential log factors.
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polytree T . We show that the optimal sample complexity of learning T , the CPDAG
of T , is

n = Θ
(

log d

c2

)
, (4.3)

where c is a faithfulness parameter defined in Equation 4.3.2.
Clearly, and unsurprisingly, realizable distribution learning is easier than the

non-realizable case. A more interesting question is how to compare these to struc-
ture learning. In Section 4.5, we conclude with a discussion and comparison of these
two cases, with some intriguing directions for future work.

4.1.2 Other Related Work

Learning Bayesian Networks Structure learning of Bayesian networks has been
extensively studied, and the reader may consult one of several overviews for more
details and background [SGS00; Pea+00; KF09a; Mur12; PJS17; Maa+18; SU22].
Classical approaches assume faithfulness, a condition that permits learning of the
Markov equivalence class, such as constraint-based methods [SG91; FNP13] and
score-based approaches [Chi02c; NHM+18]. A different strand of research has ex-
plored a range of alternative distributional assumptions that allow for effective
learning such as non-gaussianity [Shi+06b; Shi14; WD20], non-linearity [Hoy+08b;
ZH09] or equal error variances [PB14b; GH17c; GH18b; CDW19; GDA20b].

When it comes to the tree-structured graphical model of a distribution, the
classical Chow-Liu algorithm [CL68] can recover the skeleton of a non-degenerate
polytree in the equivalence class. Furthermore, [CW73] demonstrate that as the
number of samples approaches infinity, the Chow-Liu algorithm is consistent. One
of the first papers to consider the problem of learning polytrees was [REB87], af-
ter which [Das99b] showed that learning polytrees is NP-hard in general. [Sre03]
has shown that the related problem of finding the maximum likelihood graphical
model with bounded treewidth is also NP-hard. Subsequent research by Tan et al.
[TAW10; TAW11] investigated the recovery difficulty of trees and forests, while Liu
et al. [Liu+11] adopted a nonparametric approach using kernel density estimates.
The Chow-Liu algorithm has also been applied for learning latent locally tree-like
graphs [AV13].
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Sample Complexity of Structure Learning Early work to consider the sample
complexity problem for Bayesian networks includes [FY96; ZMD12]. More recently,
for distribution learning over finite alphabets, [DP20; DP21] showed that d-variable
tree-structured Ising models can be learned computationally-efficiently to within
total variation distance ε from an optimal O(d log d/ε2) samples. Around the same
time, [Bha+21] derived explicit sample complexity bounds for the Chow-Liu algo-
rithm of Õ(dε−1) for trees on d vertices, and d2ε−2 samples for a general distribution
P . [Cho+23] further extend [Bha+21] into d-polytree when the underlying graph
skeleton is known.

The literature on structure learning is comparatively deeper; however, it has
traditionally forgone concerns about optimality and lower bounds. As this is our
main focus, we focus here on prior work on optimal algorithms. [GH17a] first es-
tablished lower bounds for a range of DAG models, after which [GTA22] showed
that a variant of the algorithm from [CDW19] achieves optimal sample complexity
of n ≍ q log(d/q) for equal variance DAGs [PB14b; LB14], where q is the maximum
number of parents and d is the number of nodes. To the best of our knowledge, opti-
mality results and lower bounds in the faithful setting are missing, one exception is
the sub-problem of neighbourhood selection [GTA23], and one of our main contribu-
tions is to partially fill this gap. We mention prior work that considers consistency
and upper bounds under faithfulness [KB07; NHM+18; REB+18], relaxation and
improvement on classical methods [Chi20; MGM21; LAR22], and recent progress
on learning polytrees [GA21; ATB21; TMD22; Jak+22].

Learning polytrees is among the easiest tasks in learning DAGs and has received
attention in [CL68; KS01; RP13; Nie+14]. The crucial advantage of such networks
is that they allow for a more efficient solution of the inference task [Pea88; GH02].
The complexity of polytree learning has been studied in several works [SMS13;
Gas+15; GKM21]. A recent work in [GA21] shows that learning polytrees is more
manageable than general DAG models, for which they establish clear conditions for
the identifiability and learnability of nonparametric polytrees in polynomial time.
Some other earlier works such as reconstruction of evolutionary trees can be found in
[Bun71; CH91; Cha96; DMR11]. Besides, latent tree model is a class of latent vari-
able models in which the graph may be a forest has received considerable attention
[Cho+11; TAW11; SXP11; Ana+11; PSP11; MRS13; Son+14; Drt+17]. Specifi-
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cally, [Ana+11] shows that the structure of multivariate latent tree models can be
learned with a sample complexity depends solely on intrinsic spectral properties
of the distribution. (also see survey paper [Mou+13] for more details). [Ana+12]
proved that a poly(d, r) sample and computational requirements serves as a good
approximation of a r-component mixture of d-variate graphical models.

Furthermore, developing a (conditional) independence tester with respect to
mutual information with o(1/ε2) sample complexity was posed as an open problem
in [Can+18]. In [Can+18], they have shown that both Ising model Goodness-of-fit
Testing and Ising model Independece Tesing can be solved from poly(d, 1/ε) samples
in polynomial time. More details related to the distribution property testing can be
found in [Rub12; Can20; Gol17; BY22].

4.2 Learning Tree-structured Gaussians
We begin by studying the sample complexity for learning tree-structured Gaus-

sian distributions. For any ε > 0, we would like to devise an algorithm taking
samples drawn from a Gaussian P that returns a directed tree T̂ ∈ T and a distri-
bution P

T̂
that is Markov to T̂ such that

DKL(P ∥ P
T̂
) ≤ min

T ∈T
DKL(P ∥ PT ) + ε ,

We seek to achieve this goal with a minimal number of samples.
Notably, for any T ∈ T , DKL(P ∥ PT ) can be expressed as

−
d∑

i=1
I(Xi; Xpa(i))−H(X) +

d∑
i=1

H(Xi), (4.4)

where H is the entropy function and I is the mutual information.

4.2.1 Distribution Learning Upper Bounds

The classical Chow-Liu algorithm [CL68] builds the maximum weight spanning
tree where the weight of the “potential” edge between nodes j and k is the estimated
mutual information Î(Xj, Xk) from data. Although its return is an undirected
graph, we modify the output to be any directed tree whose skeleton matches the
undirected graph with light abuse of notation. This is because any T ∈ T with the
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same skeleton will share the same PT , which is the target of distribution learning
analyzed in the sequel.

Algorithm 3: Modified Chow-Liu algorithm
1 Input: n i.i.d. samples (X(i)

1 , . . . , X
(i)
d )

1. For each j = 1, . . . , d:

a) σ̂2
j ← 1

n

∑n
i=1(X

(i)
j )2

2. For each pair (j, k), 1 ≤ j < k ≤ d:

a) ρ̂jk ← 1
n

∑n
i=1 X

(i)
j X

(i)
k

3. For each pair (j, k), 1 ≤ j < k ≤ d:

a) Î(Xj; Xk)← −1
2 log

(
1− ρ̂2

jk

σ̂2
j σ̂2

k

)
which is same as 1

2 log(1 + β̂2
jkσ̂2

j

σ̂k|j
) defined

in Section B.2.2

4. G← the weighted complete undirected graph on [d] whose edge weight for
(j, k) is Î(Xj; Xk)

5. Ŝ ← the maximum weighted spanning tree of G

6. T̂ ← any directed tree with skeleton to be Ŝ

Output: A directed tree T̂

Our first result gives an upper bound on the sample complexity for distribution
learning in the non-realizable setting:

Theorem 4.2.1. Let P be a Gaussian distribution. Given n i.i.d. samples from P ,
for any ε, δ > 0, if n ≳ d2

ε2 log d
δ
, then T̂ returned by Algorithm 5 satisfies

DKL(P ∥ P
T̂
) ≤ min

T ∈T
DKL(P ∥ PT ) + ε,

with probability at least 1− δ.

When P is Markov to a tree (i.e. it is tree-structured), then the sample com-
plexity improves:

Theorem 4.2.2. Let T ∗ be a directed tree and PT ∗ be a T ∗-structured Gaussian.
Given n i.i.d. samples from PT ∗, for any ε, δ > 0, if n ≳ d

ε
log d

δ
, then T̂ returned

by Algorithm 5 satisfies

DKL(PT ∗ ∥ P
T̂
) ≤ ε,
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with probability at least 1− δ.

Remark: We can also obtain a sample-efficient algorithm for bounded-degree
gaussian polytrees, using the guarantees of the estimator Î, assuming that the skele-
ton is known. We defer the description of this result to Appendix B.2.5.

4.2.2 Distribution Learning Lower Bounds

The main idea of our proof is to reduce a distribution testing problem to our
problem. Intuitively, the distribution testing problem is defined as follows. Suppose
R(1) and R(2) are two distributions whose DKL(R(1) ∥ R(2)) is small. We are given n

i.i.d. samples drawn from a distribution P where P is a m-variate distribution and
each coordinate is distributed as either R(1) or R(2) uniformly and indepedently. Our
task is to determine which of R(1) or R(2) the samples are drawn from correctly for
at least m/2 coordinates. The formal definition will be presented in problem B.2.4.
When DKL(R(1) ∥ R(2)) is sufficiently small, one should expect that n needs to be
large enough to solve this problem with probability 2/3. Hence, we construct the
(R(1), R(2)) pairs for the non-realizable and realizable case accordingly.

Theorem 4.2.3. Suppose P is an unknown Gaussian distribution. Given n i.i.d.
samples drawn from P . For any small ε > 0, if n = o(d2/ε2), then for any estimator
T̂ , the maximum probability of achieving the required accuracy over a hard family
of distribution P is bounded, such that:

inf
T̂

sup
P ∈P

Pr
(

DKL(P ∥ P
T̂
) ≤ min

T ∈T
DKL(P ∥ PT ) + ε

)
≤ 2/3

Theorem 4.2.4. Suppose P is an unknown Gaussian distribution such that there
exists a directed tree T ∗ that P is T ∗-structured, i.e. P = PT ∗. Given n i.i.d.
samples drawn from P . For any small ε > 0, if n = o(d/ε), then for any estimator T̂ ,
the maximum probability of success over a hard family of distribution P is bounded,
such that

inf
T̂

sup
P ∈P

Pr
(
DKL(P ∥ P

T̂
) ≤ ε

)
≤ 2/3
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4.3 Optimal Faithful Tree Learning
In the preceding section, we learned a tree-structured distribution under the KL

distance, without concern for the learned tree structure. This viewpoint primarily
pertains to distribution learning. This section adopts an different approach, empha-
sizing the aspect of structure learning. Specifically, we assume the underlying graph
structure is indeed a tree, more generally, a polytree. We introduce an estimator
based on the classic PC algorithm [SG91] and analyze its sample complexity under
faithfulness. Crucially, we provide a matching lower bound to conclude the mini-
max optimality of the algorithm, which offers insights into the difficulty of structure
learning under faithfulness.

4.3.1 Tree-Faithfulness

As alluded to in Chapter 2, the tree structure allows us to relax the usual notion
of faithfulness:

Definition 4.3.1 (Tree-faithfulness). We say distribution P is tree-faithful to a
polytree T if

1. For any two nodes connected Xj − Xk, we have Xk ̸⊥⊥ Xj |Xℓ for all ℓ ∈
V ∪ {∅} \ {k, j};

2. For any v-structure Xk → Xℓ ← Xj, we have Xk ̸⊥⊥ Xj |Xℓ.

Tree-faithfulness comprises two components, each corresponding to adjacency-faithfulness
and orientation-faithfulness respectively in restricted faithfulness (cf. Definition 2.3.3).
In comparison to adjacency-faithfulness, tree-faithfulness solely requires conditional
dependence for neighbouring nodes with conditioning sets of size at most one. Like-
wise, compared to orientation faithfulness, tree-faithfulness only needs conditional
dependence for v-structures given the the collider. Let ρ(Xj, Xk |Xℓ) be the con-
ditional correlation coefficient between Xk and Xj given Xℓ. As usual, in order to
establish uniform, finite-sample results, we need the following concept of c-strong
tree-faithfulness:

Definition 4.3.2 (c-strong tree-faithfulness). We say that P is c-strong tree-faithful
to a polytree T if
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Algorithm 4: PC-Tree algorithm
1 Input: n i.i.d. samples (X(i)

1 , . . . , X
(i)
d )

1. Let Ê = ∅.

2. For each pair (j, k), 0 ≤ j < k ≤ d:

a) For all ℓ ∈ [d] ∪ {∅} \ {j, k}:
i. Test H0 : Xj ⊥⊥ Xk |Xℓ vs. H1 : Xj ̸⊥⊥ Xk |Xℓ, store the results.

b) If all tests reject, then Ê ← Ê ∪ {j − k}.
c) Else (if some test accepts), let

S(j, k) = {ℓ ∈ [d] ∪ {∅} \ {j, k} : Xj ⊥⊥ Xk |Xℓ}.

Output: T̂ = ([d], Ê), separation set S.

1. For any two nodes connected Xj − Xk, we have ρ(Xk, Xj |Xℓ) ≥ c for ℓ ∈
V ∪ {∅} \ {k, j};

2. For any v-structure Xk → Xℓ ← Xj, we have ρ(Xk, Xj |Xℓ) ≥ c.

Under strong tree-faithfulness, we can now establish how the sample complexity
depends on both the dimension d and the signal strength c.

4.3.2 Structure Learning Upper Bounds

We develop the PC-Tree algorithm for learning polytrees as a modification to the
classic PC algorithm, outlined in Algorithm 4, effectively identifying the polytree’s
skeleton. An important by-product is the separation set resulted from the CI testing,
which is used to obtain the CPDAG by applying an ORIENT step (Algorithm 14) as
in the original PC algorithm.

In contrast to the original PC algorithm, PC-Tree distinguishes itself in two
key aspects. Firstly, when assessing the presence of an edge between any two
nodes, instead of exploring all potential conditioning sets, PC-Tree simplifies the
process by exclusively testing marginal independence and conditional independence
given only one other node. Furthermore, a notable departure from the original PC
algorithm is that PC-Tree combines marginal independence tests and conditional
independence tests, as opposed to ignoring the latter once marginal independence is
established. PC-Tree will rely on sample (conditional) correlation coefficient for all
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the (conditional) independence tests when running the algorithm, see more details
in Appendix B.3.1.

Now we are ready to provide the sample complexity of PC-Tree in the following
theorem, whose proof is postponed to Appendix B.3.2 and B.3.3.

Theorem 4.3.3. For any T ∈ T̃ , assuming P is c-strong tree-faithful to T , applying
Algorithm 4 with sample correlation for CI testing, if the sample size

n ≳ 1
c2

(
log d + log(1/δ)

)
,

then Pr(T̂ = sk(T )) ≥ 1− δ, and Pr(Orient(T̂ , S) = T ) ≥ 1− δ

We may compare this upper bound (log d)/c2 with some of existing results on
structure learning. Compared to learning equal variance general DAGs [GTA22]
with optimal rates being q log(d/q), tree structure simplifies the problem by re-
moving the factor of in-degree q. As against recovering undirected graph in MRF
[MVL20], whose optimal sample complexity is (s log d)/κ2, we are able to improve
the rate by the maximum degree s. Moreover, considering directed trees T ∈ T ⊂ T̃ ,
Lemma 18 shows c to be a constant under mild assumption on the parametrization
of Equation 8.9, which assures possible concern of dependence on c.

4.3.3 Structure Learning Lower Bounds

Having provided the sample complexity upper bound, we continue to derive a
matching lower bound:

Theorem 4.3.4. Assuming c-strong tree-faithfulness, and c2 ≤ 1/5, d ≥ 4, if the
sample size is bounded as

n ≤ 1− 2δ

8
× log d

c2 ,

then for any estimator T̂ for T ,

inf
T̂

sup
T ∈T̃

P is c-strong
tree-faithful to T

Pr(T̂ ̸= T ) ≥ δ − log 2
log d

.

The lower bound in Theorem 4.3.4 implies the optimal sample complexity is
Θ(log d/c2), where the dependence on 1/c2 term characterizes the hardness from
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“how (Tree-)faithful” the distribution is; and log d term comes from the cardinality
of all polytrees, which is much smaller compared to number of all DAGs.

To prove this lower bound, we employee Fano’s inequality [Yu97] and consider
a subclass of T to exploit the property that any node in directed tree has at most
one parent. This subclass of directed trees has large enough cardinality by Cayley’s
formula of undirected trees. With the parametrization of edge weights appropriately
calibrated, we show the KL divergence between the distributions consistent with
any two instances from the subclass is well controlled, which leads to the final lower
bound. The detailed proof can be found in Appendix B.3.4.

Remark. The optimality results in this section also extend to directed tree, polyfor-
est and Markov chain. Since the lower bound is constructed using directed trees,
the optimality applies. For polyforest, which is essentially polytree but allows for
disconnected component, PC-Tree algorithm is able to identify the correct skeleton.
On the other hand, polytree is a subclass of polyforest, thus the lower bound in The-
orem 4.3.4 applies. For Markov chain, the algorithm is modified to dismiss marginal
independence test, and the lower bound construction considers all Markov chains
with the same way of parametrization as in Theorem 4.3.4. All these graphical
models share the optimal sample complexity Θ(log d/c2).

4.4 Experiments
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(a) SHD comparison
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Figure 4.1: Performance comparison for PC-Tree, Chow-Liu, PC, and GES algo-
rithms evaluated on SHD and PRR. The red, blue, green, and purple lines represent
PC-Tree, Chow-Liu, PC, and GES, respectively.
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We conduct experiments to verify our findings in structure learning. While the
main theorems assume Gaussian distributions, the robustness of our PC-Tree algo-
rithm against non-Gaussian noise (Uniform and Laplace distributions) is empirically
analyzed in Appendix B.4 and Appendix B.2. For brevity, we report here only the
most difficult setting with d = 100 nodes; full details on the experiments and addi-
tional setups, e.g. when noise ηk is not Gaussian, can be found in Appendix C.3.
We simulated random directed trees and synthetic data via Equation 8.9. We com-
pare the performance of PC-Tree, Chow-Liu to PC and GES as classical baselines
when only faithfulness assumed. Though Chow-Liu algorithm aims for distribution
learning, it also estimates the skeleton as a byproduct. Therefore, to make fair com-
parison, we evaluate them by the accuracy of skeleton of the outputs (of PC-Tree,
PC and GES). The results on average Structural Hamming Distance (SHD) and the
Precise Recovery Rate (PRR) are reported in Fig. 4.1, where PRR measures the
relative frequency of exact recovery. From the figure, we can see PC-Tree algorithm
does perform the best, especially the significantly better result on PRR over the
baselines, which is the main metric we are concerned with and have established
optimality for. The competitive performance of Chow-Liu is also noticeable, for
which we have not analyzed under the goal of structure learning, and we conjecture
a similar sample complexity is shared with PC-Tree.

4.5 Comparison and Discussion
The literature on distribution learning and structure learning have largely evolved

separate from one another. An interesting aspect of our results is that they con-
sider both problems in a unified setting, allowing for an explicit comparison of these
problems.

First, it is clear that the non-realizable setting should not be compared to struc-
ture learning, since in the former setting there is no structure to speak of. In
the realizable setting, however, it is reasonable to ask for a comparison. Comparing
Equation 4.2 and Equation 4.3, it is easy to see that there is a phase transition when
ε ≍ dc2. Focusing on directed trees for an apple-to-apple comparison, if the SEM
parameters, e.g. βk, σ2

k in Equation 8.9 are bounded, then strong tree-faithfulness
holds with c ≍ 1, see Lemma 18. In this case, the optimal sample complexity for
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structure learning is log d and (d log d)/ε for distribution learning, which has an ad-
ditional factor of d/ε. Thus, as long as ε = o(d), which is typical, structure learning
is easier than distribution learning.

Another interesting scenario arises when ε ≪ dc2: Here, distribution learning
is harder, however, we might hope to learn the structure of T “for free” by first
learning the distribution to within KL accuracy ε. This is because, as ε goes to
zero, P̂ converges to P , which implies we can use P̂ directly to estimate partial
correlations for structure learning. Then the question boils down to whether there
exists a good estimator of the structure that exploits P̂ when ε≪ dc2. Lemma 19
shows that as long as the estimator is agnostic to P̂ (in the sense that it treats P̂ as a
black-box), then we must have at least ε≪ c2. Thus, there is a regime c2 ≪ ε≪ dc2

where distribution learning does not automatically imply structure learning, at least
in general. It remains as an interesting open question how small ε must be for P̂

to be efficiently used for structure learning, or whether or not there exist specific
estimators P̂ that can be used for structure learning when c2 ≪ ε≪ dc2.

Extending these results beyond the Gaussians we consider here (and finite al-
phabets as in previous work) is a promising direction for future research. Especially
interesting would be bounds in a non-parametric setting.
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Chapter 5

Testing Mutual Information Opti-
mally in Linear Models

5.1 Introduction
Independence is a fundamental concept in statistics and many related fields,

underlying various statistical analyses and methodologies. Conditional indepen-
dence (CI) testing is a critical problem with widespread applications, such as
economics [SGS01; SW07], machine learning [Sen+17; Shi+21], graphical models
[GP93; Lin+14; Bor10], causal discovery [Zha+12; Zha+17; DSZ22] and causal
inference [Spi10; Pea10; CD17]. These applications extend to numerous domains,
including medical [MH59], genetics [LW08; Gio+14], and finance [WH18], where
understanding the relationships between variables is crucial.

While testing independence and estimating dependence asymptotically are well-
established practices, with roots tracing back to correlation analysis [Pea20; Sti89],
more measure of dependence have been developed and studied (see [SW81; LG96;
DM01; ST03; SW07; SW08; Son09; GS10; Hua10; BT14; WH18] and references
therein). Among these, mutual information stands out as one of the attractive
measures of dependence [Bel62; Ste+02; GVG15; GG21]. The theoretical results in
these works are asymptotic, while the finite sample performance of their proposed
testers is evaluated through simulations. However, the field of independence testing
with optimal sample complexity guarantees remains relatively underexplored. More-
over, a significant body of research has concentrated on independence testing under
Gaussianity assumption [Mor+09; KSG04; Wan+24]. In this scenario, indepen-
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dence testing simplifies to determining whether certain partial correlations between
variables are zero. The Gaussian assumption offers a simplified route to CI testing,
as partial correlations are relatively straightforward to estimate. However, in non-
Gaussian models, this approach can yield deceptive conclusions since variables may
remain conditionally dependent despite exhibiting zero partial correlation.

This work addresses these gaps by developing an optimal nonparametric mu-
tual information tester among the simplest linear structural equation models with
unknown additive noise. Perhaps surprisingly, despite the simplicity of linear mod-
els, the optimal sample complexity of testing nonparametric mutual information in
linear models has remained an open problem.

The major challenge is that without knowing the distribution of X, Y under
some mild assumption, can we still distinguish the null hypothesis X ⊥⊥ Y from
alternative X ̸⊥⊥ Y with optimal sample complexity?

5.1.1 Problem Definition

We now formally define our problem. Let G be the class of distributions on R
whose pdf is twice diffierentiable, zero-mean, log-concave and sub-Gaussian. Let P
be the class of distributions on R2 such that the random variable satisfies

X = ηX

Y = αX + ηY

or
Y = ηY

X = αY + ηX

(5.1)

where α is an unknown coefficient and ηX and ηY are independent random variables
in G.

Suppose we are given n samples drawn from a distribution in P . The goal is to
determine whether X and Y are independent by using these n samples. We assume
that the mutual information between X and Y , I(X; Y ), is bounded below by ε if
I(X; Y ) ̸= 0. Hence, we would like to minimize the number of samples, n, in order
to achieve this goal in terms of ε.

Furthermore, we define the following model. A tree is an undirected graph in
which any two nodes are connected by exactly one path. A directed tree is a directed
graph in which, for some root node u, and any other node v, there is exactly one
directed path from u to v. Let T be the set of directed trees on d nodes. For any
directed tree T ∈ T , a skeleton of T is a tree whose edge set is same as in T by
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removing the direction. For any directed tree T ∈ T and any node v in T , a node u

in T is the parent node of v if there is a directed edge u→ v and a node w in T is a
descendant of V if there is a directed path from v to w. For any T ∈ T , let PT be
the set of distributions on Rd such that the random variable (X1, . . . , Xd) satisfies

Xi =


ηi if i is the root node

αiXpa(i) + ηi if i is not the root node
(5.2)

where pa(i) is the parent node of i in T , αi is unknown coefficient and {η1, . . . , ηd} is
a set of independent random variables in G. Recall that G is the class of distributions
on R whose pdf is twice diffierentiable, zero-mean, log-concave and sub-Gaussian.

Suppose we are given n samples drawn from a distribution in PT ∗ for some
unknown T ∗ ∈ T . Our goal is to design an algorithm to find out a skeleton of T ∗

by using these n samples. We assume that, for any three nodes X, Y, Z in T ∗ where
Z is a descendant of Y , the conditional mutual information of Y and Z given X,
I(Y ; Z | X), is bounded below by ε if I(Y ; Z | X) ̸= 0. Hence, we would like to
minimize the number of samples, n, in order to achieve this goal in terms of ε.

5.1.2 Our Contributions

We summarize our contributions in this paper as follows:

• We propose a new mutual information tester that takes 1
ε

samples drawn from
the model in Equation 5.1 to determine whether X and Y are independent.
One may notice that if we manage to estimate the mutual information within a
good error margin, then we will be able distinguish these two cases. However,
we would like to emphasize that we are not estimating the mutual information
I(X; Y ). Our novelty lies in bypassing the estimation of mutual information
for this testing task. (Theorem 5.2.2)

• We deploy this mutual information tester in the Chow-Liu algorithm. Specif-
ically, we build a weighted complete graph by using this mutual information
tester as weights and apply the Chow-Liu algorithm to recover the under-
lying tree structure when we are given samples drawn from the model in
Equation 5.2. Our novelty lies in applying the Chow-Liu algorithm without
using the estimate mutual information as weights. We then show that one
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only need 1
ε

log d samples to achieve this goal by extending our anylsis for
our mutual information tester to a new conditional mutual information tester.
(Theorem 5.3.3)

5.1.3 Other Related Work

The main technical contribution of this work is a new mutual information tester
which can test independence without knowing the distribution. This falls in the
general framework of distribution property testing [HK07; Rub12; Gol17; Eve+17;
Can20; BY22].

It is noteworthy that conditional independence tests are well understood for dis-
crete variables. For example, [Can+18] show that for three random variables X, Y ,
Z each pover Σ, testing if I(X; Y | Z) is 0 or ≥ ε is possible with Õ(|Σ|3 /ε) sam-
ples. Another solved case is that of linear models with Gaussian noise [Wan+24]
(see also Chapter 4). In view of recent results on conditional independence test-
ing based on generalized covariance measure (GCM) in [SP20], one cannot hope
to design non-trivial tests. Conditional independence cannot be tested without
additional assumptions about the distribution. Developing a (conditional) indepen-
dence tester with respect to mutual information with o(1/ε2) sample complexity
was posed as an open problem in [Can+18]. In [Can+18], they have shown that
both Ising model Goodness-of-fit Testing and Ising model Independece Tesing can
be solved from poly(d, 1/ε) samples in polynomial time.

Furthermore, for distribution learning over finite alphabets, [DP20; DP21] showed
that d-variable tree-structured Ising models can be learned computationally-efficiently
from an optimal O(d log d/ε2) samples. [Bha+21] derived explicit sample complex-
ity bounds for the Chow-Liu algorithm of Õ(dε−1) for trees on d vertices, and
d2ε−2 samples for a general distribution P , and [Cho+23] further extend [Bha+21]
into d-polytree. Beside, for structure learning over finite samples, we mention
prior work that considers consistency and upper bounds under faithfulness [KB07;
NHM+18; REB+18], and recent progress on learning polytrees [GA21; ATB21;
TMD22; Jak+22].
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5.2 Mutual Information Tester
In this section, we introduce our new mutual information tester. Our new mutual

information tester takes O(1/ε) samples of the form in Equation 5.1 as input and
returns whether X and Y are independent. To achieve this, we first show the
mutual information of X and Y , I(X; Y ), of the form in Equation 5.1 is at most α2

(Theorem 5.2.1). With this and the assumption that I(X; Y ) ≥ ε if I(X; Y ) ̸= 0,
it is intuitively equivalent to approximating α up to

√
ε error. By the standard

concentration bound, we only need (1/
√

ε)2 = 1/ε samples to achieve this error.
Therefore, by our mutual information tester, we can distinguish whether X and
Y are independent using 1/ε samples (Theorem 5.2.2). The detailed proofs are
deferred to Appendix C.

For the purpose of analysis, WLOG, we assume

X = ηX

Y = αX + ηY .
(5.3)

We first have the following notations. For any random variable R, let σ2
R be E(R2),

e.g. we have

σ2
X = E(X2), σ2

Y = E(Y 2), σ2
ηX

(= σ2
X) = E(η2

X) and σ2
ηY

= E(η2
Y ).

For any random variables R, S, let ρRS be E(RS), e.g. we have ρXY = E(XY ).
Hence, it is easy to see that α = ρXY /σ2

X . Suppose (X(1), Y (1)), . . . , (X(n), Y (n))
are i.i.d. samples of (X, Y ) of the form in Equation 5.1. We use ·̂ to denote the
empirical version of the term unless otherwise specified, e.g. we have

σ̂2
X = σ̂2

ηX
= 1

n

n∑
i=1

(X(i))2, σ̂2
Y = 1

n

n∑
i=1

(Y (i))2, ρ̂XY = 1
n

n∑
i=1

X(i)Y (i),

α̂ = ρ̂XY

σ̂2
X

and σ̂2
ηY

= σ̂2
Y − α̂2σ̂2

X .

Theorem 5.2.1. Let (X, Y ) be the random variable of the form in Equation 5.1.
Assume that α is bounded above by a constant, i.e. α = O(1). Then, we have

I(X; Y ) ≤ O
(
σ2

Xα2
)
.
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To prove Theorem 5.2.1, the main idea is to express the mutual information
I(X; Y ) as a function of α. Recall that, WLOG, we assume Equation 5.3. By a
straightforward calculation and the definition of I(X; Y ), we can express

I(X; Y ) = −
∫ ∞

−∞
fY (y, α) log fY (y, α)dy +

∫ ∞

−∞
fηY

(y) log fηY
(y)dy

where fY (·, α) is the pdf of Y and fηY
is the pdf of ηY . Let F be

F (α) := −
∫ ∞

−∞
fY (y, α) log fY (y, α)dy.

Note that when α = 0, we have Y = ηY which means that

F (0) = −
∫ ∞

−∞
fηY

(y) log fηY
(y)dy and further implies I(X; Y ) = F (α)− F (0).

Since the pdfs involved are in G, we can expand Taylor expansion for F at α = 0.
If we expand the Taylor expansion for F at α = 0, we have

I(X; Y ) ≈ ∂F (0)
∂α

α + 1
2

∂2F (0)
∂α2 α2.

We can indeed show that the first derivative at α = 0, ∂F (0)
∂α

, is zero and the second
derivative, ∂2F (0)

∂α2 , is bounded. Then, the desired result follows.
With Theorem 5.2.1, we are now ready to define our mutual information tester.

Define Ĩ(X; Y ) to be

Ĩ(X; Y ) := − log(1− ρ̂2
XY

σ̂2
X σ̂2

Y

). (5.4)

We would like to emphasize that Ĩ(X; Y ) is not an estimator of I(X; Y ). It is
simply a tester for distinguish whether I(X; Y ) = 0 or not. One may notice that
another candidate for the mutual information tester can simply be ρ̂2

XY

σ̂2
X σ̂2

Y

. Indeed,

when a = ρ̂2
XY

σ̂2
X σ̂2

Y

is small, we have − log(1 − a) ≈ a which suggests that they are
basically the same. However, we preview that, in the next section, we establish a
connection between mutual information and condition mutual information via the
chain rule, i.e.

I(X; Y )− I(X; Z) = I(X; Y | Z)− I(X; Z | Y ).

The advantage of the current version is that it satisfies the "empirical version" of
the chain rule, i.e.

Ĩ(X; Y )− Ĩ(X; Z) = Ĩ(X; Y | Z)− Ĩ(X; Z | Y ) see Section 5.3 and Lemma 34 for the detail.
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Theorem 5.2.2 (Mutual Information Tester). Suppose we are given n i.i.d. sam-
ples of (X, Y ) of the form in Equation 5.1. For any sufficiently small ε, δ > 0 that
I(X; Y ) ≥ ε when I(X; Y ) ̸= 0, if n = Ω(1

ε
log 1

δ
), there exists a constant C such

that the estimator defined in Equation 5.4 satisfies the following with probability
1− δ:

• If I(X; Y ) = 0, then Ĩ(X; Y ) ≤ ε
100C

.

• If I(X; Y ) ≥ ε, then Ĩ(X; Y ) ≥ ε
50C

.

To prove Theorem 5.2.2, we first rewrite our mutual information tester Ĩ(X; Y )
as

Ĩ(X; Y ) = − log
(
1− ρ̂2

XY

σ̂2
X σ̂2

Y

)
= log

(
1 + α̂2σ̂2

X

σ̂2
ηY

)
.

Here, recall that

α̂ = ρ̂XY

σ̂2
X

and σ̂2
ηY

= σ̂2
Y − α̂2σ̂2

X

and the ·̂ mark simply means the empirical version of the term. Furthermore, when
the term α̂2σ̂2

X

σ̂2
ηY

is bounded, we have

Ĩ(X; Y ) = log
(
1 + α̂2σ̂2

X

σ̂2
ηY

)
≈ Θ( α̂2σ̂2

X

σ̂2
ηY

).

Now, we analyze our mutual information tester Ĩ(X; Y ) in two cases. When
I(X; Y ) = 0, it suggests that the term α = 0 and hence, by the concentration
bound, α̂2σ̂2

X

σ̂2
ηY

is small, say O(ε), which further implies Ĩ(X; Y ) is also smaller than

O(ε). When I(X; Y ) ≥ ε, by Theorem 5.2.1, it suggests that the term α2σ2
X

σ2
ηY

is

Ω(ε) away from 0 and hence, by the concentration bound, so is α̂2σ̂2
X

σ̂2
ηY

which further
implies Ĩ(X; Y ) is also Ω(ε) away from 0.

5.3 Application to Structure Learning
In this section, we extend our analysis for our mutual information tester to

our conditional mutual information tester under certain conditions and deploy it in
the Chow-Liu algorithm. Our approach is to build a weighted complete graph by
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using our mutual information tester define in Equation 5.4 as the weight and apply
the modified Chow-Liu algorithm (Algorithm 5) to return the maximum spanning
tree. To show that this outputted tree is the skeleton of T ∗ (Theorem 5.3.3), we
argue that intuitively if we do not recover an edge in T ∗, the difference between
the weight of the outputted tree and T ∗ is at least Ω(ε) caused by I(Y ; Z | X) for
some three nodes X, Y, Z in T ∗ where Z is a descendant of Y . It turns out that we
can modify our analysis for the mutual information tester in Section 5.2 and design
a conditional mutual information tester to distinguish this ε error (Theorem 5.3.2).
The detailed proofs are deferred to Appendix C.

As mentioned above, we often encounter I(Y ; Z | X) for some three nodes
X, Y, Z in T ∗. Note that one can always write X, Y, Z as follows.

X = ξX

Y = βX + ξY

Z = λX + γY + ξZ

(5.5)

for some coefficients β, λ, γ and some random variables ξX , ξY , ξZ where E(XξY ) =
E(XξZ) = E(Y ξZ) = 0. It is easy to check that ξX , ξY , ξZ is a linear combination of
ηi defined in Equation 5.2. Also, it is known that twice diffierentiable, zero-mean,
log-concave and sub-Gaussian are closed under linear combinations, i.e. ξX , ξY , ξZ ∈
G.

Theorem 5.3.1. Let (X, Y, Z) be the random variable of the form in Equation 5.5
such that λ = 0 and Y and ξZ are independent. Assume that γ is bounded above by
a constant, i.e. γ = O(1). Then, we have

I(Y ; Z | X) ≤ O
(
σ2

ξY
γ2
)
.

To prove Theorem 5.3.1, the idea is similar to the proof of Theorem 5.2.1 which
is to express I(Y ; Z | X) as a function of γ. Recall that we write (X, Y, Z) in the
form of Equation 5.5. Note that we assume λ = 0 and Y and ηZ are independent
which is crucial in the detail analysis. By a straightforward calculation and the
definition of I(Y ; Z | X), we can express

I(Y ; Z | X) = F (γ)− F (0) for some function F by s similar argument in Theorem 5.2.1.
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Since the pdfs involved are in G, we can expand the Taylor expansion for F at γ = 0.
Hence, we have

I(Y ; Z | X) ≈ ∂F (0)
∂γ

γ + 1
2

∂2F (0)
∂γ2 γ2.

We can indeed show that the first derivative at γ = 0, ∂F (0)
∂γ

, is zero and the second
derivative, ∂2F (0)

∂γ2 , is bounded. Then, the desired result follows.
With Theorem 5.3.1, we are now ready to define our conditional mutual infor-

mation tester. Define Ĩ(Y ; Z | X) to be

Ĩ(Y ; Z | X) := log
(

1 +
γ̂2σ̂2

ξY

σ̂2
ξZ

)
. (5.6)

Recall that we use ·̂ to denote the empirical version of the term. We again would
like to emphasize that Ĩ(Y ; Z | X) is not an estimator of I(Y ; Z | X). It is simply
a proxy for distinguish whether I(Y ; Z | X) = 0 or not.

Theorem 5.3.2 (Conditional Mutual Information Tester). Suppose we are given n

i.i.d. samples of (X, Y, Z) of the form in Equation 5.5. For any sufficiently small
ε, δ > 0 that I(Y ; Z | X) ≥ ε when I(Y ; Z | X) ̸= 0, if n = Ω(1

ε
log 1

δ
), there exists

a constant C such that the estimator defined in Equation 5.6 satisfies the following
with probability 1− δ:

• If I(Y ; Z | X) = 0, then Ĩ(Y ; Z | X) ≤ ε
100C

.

• If I(Y ; Z | X) ≥ ε, λ = 0 and Y and ξZ are independent, then Ĩ(Y ; Z | X) ≥
ε

50C
.

To prove Theorem 5.3.2, the idea is similar to the proof of Theorem 5.2.2. We
first observe that when the term

γ̂2σ̂2
ξY

σ̂2
ξZ

is bounded we have

Ĩ(Y ; Z | x) = log
(

1 +
γ̂2σ̂2

ξY

σ̂2
ξZ

)
≈ Θ(

γ̂2σ̂2
ξY

σ̂2
ξZ

).

Now, we analyze our mutual information tester Ĩ(Y ; Z | X) in two cases. When
I(Y ; Z | X) = 0, it suggests that the term γ = 0 and hence, by the concentration
bound,

γ̂2σ̂2
ξY

σ̂2
ξZ

is small, say O(ε), which further implies Ĩ(Y ; Z | X) is also smaller
than O(ε). When I(Y ; Z | X) ≥ ε, by Theorem 5.3.1, it suggests that the term
γ2σ2

ξY

σ2
ξZ

is Ω(ε) away from 0 and hence, by the concentration bound, so is
γ̂2σ̂2

ξY

σ̂2
ξZ

which

further implies Ĩ(Y ; Z | X) is also Ω(ε) away from 0.
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Algorithm 5: Modified Chow-Liu algorithm
1 Input: n i.i.d. samples (X(i)

1 , . . . , X
(i)
d )

1. We use j and Xj interchangeably in the subscript of σ̂ and ρ̂

2. For each j = 1, . . . , d:

• σ̂2
j ← 1

n

∑n
i=1(X

(i)
j )2

3. For each pair (j, k), 1 ≤ j < k ≤ d:

• ρ̂jk ← 1
n

∑n
i=1 X

(i)
j X

(i)
k

4. For each pair (j, k), 1 ≤ j < k ≤ d:

• Ĩ(Xj; Xk)← − log
(
1− ρ̂2

jk

σ̂2
j σ̂2

k

)
5. G← the complete undirected graph on [d] whose edge weight for (j, k) is

Ĩ(Xj; Xk)

6. T̂ ← the maximum spanning tree of G

Output: A tree T̂

Theorem 5.3.3. Let T ∗ ∈ T be a directed tree. Suppose we are given n i.i.d.
samples of (X1, . . . , Xd) of the form in Equation 5.2. For any sufficiently small
ε, δ > 0 that I(Y ; Z | X) ≥ ε when I(Y ; Z | X) ̸= 0 for any three nodes X, Y, Z in
T ∗, if n = Ω(1

ε
log d

δ
), the tree outputted by Algorithm 5, T̂ , is equal to the skeleton

of T ∗ with probability 1− δ.

To prove Theorem 5.3.3, we analyze the difference in the edges sets of T ∗ and T̂ .
For the purpose of exposition, we assume that there is exactly one edge misidentified.
Let X → Y be the edge in T ∗ and W − Z be the edge in T̂ such that the order
of them is W −− X → Y ⇝ Z. Here, −− means an undirected path in T ∗, →
means a directed edge in T ∗ and ⇝ means a directed path in T ∗. As mentioned
before, the advantage of the specific form of our mutual information tester defined
in Equation 5.4 is that it satisfies the "empirical version" of the chain rule, i.e.

Ĩ(X; Y )− Ĩ(W, Z) = Ĩ(X; Y )− Ĩ(X; Z) + Ĩ(X; Z)− Ĩ(W, Z)

= (Ĩ(X; Y | Z)− Ĩ(X; Z | Y )) + ((̃X; Z | W )− Ĩ(W ; Z | X))

= (Ĩ(X; Y | Z) + Ĩ(X; Z | W ))− (Ĩ(X; Z | Y ) + Ĩ(W ; Z | X))
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By the definition of the output of Algorithm 5, we have

Ĩ(X, Y )− Ĩ(W ; Z) ≤ 0.

which implies

Ĩ(X; Y | Z) + Ĩ(X; Z | W ) ≤ Ĩ(X; Z | Y ) + Ĩ(W ; Z | X) (5.7)

Recall that we have the order W −− X → Y ⇝ Z and hence
I(X; Z | Y ), I(W ; Z | X) = 0

I(X; Y | Z), I(X; Z | W ) ≥ ε
⇒

by Theorem 5.3.2


Ĩ(X; Z | Y ), Ĩ(W ; Z | X) ≤ ε

50C

Ĩ(X; Y | Z), Ĩ(X; Z | W ) ≥ ε
25C

By plugging them into Equation 5.7, we immediately have a contradiction and hence
T̂ must be equal to the skeleton of T ∗.

5.4 Experiments
We conducted experiments to verify our findings on the mutual information

tester and its application for structure learning with the Chow-Liu algorithm in
Algorithm 5. More details on the experiments can be found in Appendix C.3.

Mutual Information Tester For independence tests, we compared our mu-
tual information tester with other mutual-information-based independence tests dis-
cussed in related work, including the KNN-based estimator [PS11] with Von Mises
entropy estimation (KNNVM), and the recent VM-CI estimator from [JGK23],
which is a nonparametric Von Mises estimator for the entropy (KDEVM) of multi-
variate distributions built on a kernel density estimator.

We conducted the experiments using synthetic data sampled from different dis-
tributions belonging to the distribution class G. For brevity, we report here only
the performance of our mutual information tester versus other baseline algorithms
when given n samples drawn from P in Fig. 5.1, such as Gaussian, uniform, Beta,
and Laplace distributions. For each value of n, we ran 1000 experiments: the first
half with X ⊥⊥ Y and the second half with I(X, Y ) ≥ ε.

These results illustrate that our mutual information tester demonstrates opti-
mal performance compared to other methods. Specifically, for both Gaussian and
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uniform distributions, the KDEVM algorithm struggles to distinguish between the
null and alternative hypotheses using a constant threshold. Although the KNNVM
algorithm can distinguish the two cases with a constant threshold, the gap between
them is much smaller than with our method. Furthermore, even for Beta and
Laplace distributions, where all baseline methods can distinguish between the two
cases using a constant threshold, our tester still outperforms the others by producing
a larger gap between the cases.

Structure Learning Additionally, by extending our mutual information tester to
a conditional mutual information tester, we also conducted experiments in structure
learning. Details are as follows:

Synthetic Data Generation We generate trees using package networkx. We
consider number of nodes d = 100. To generate the data as in Equation 5.3, we uni-
formly sample αk from the interval (−0.5, 0.1] ∪ [0.1, 0.5) as our coefficient weight.
For sample size n = {100, 500, 1000, 1500, 2000}, we generate our i.i.d. samples
X ∈ Rn×d according to Equation 5.3, where η ∼ G. Specifically, we present exper-
iments where η ∼ N(0, 1) is Gaussian distribution, or η ∼ Laplace(0, 1) is Laplace
distribution.

Baselines We have employed two baseline algorithms: the PC algorithm has been
executed using the Python package Causal-learn, while the GES algorithm has
been implemented with py-tetrad.

Evaluation For each experiment setup, we report the average (over 50 random
instantiations) Structural Hamming Distance (SHD) between the ground truth and
our estimated graph skeleton, and the Precise Recovery Rate (PRR), which is the
frequency of exact recovery of the tree skeleton. All experiments were conduced on
an Intel Core i7-12800H 2.40GHz CPU.

The results on average Structural Hamming Distance (SHD) and Precise Recov-
ery Rate (PRR) are reported in Fig. 5.2, where PRR measures the relative frequency
of exact recovery. From the figure, we can see that the Chow-Liu algorithm per-
forms the best for both Gaussian and Laplace distributions, especially achieving
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significantly better PRR results than the baselines.
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Figure 5.1: MI tester on null (solid line) and alternative (dashed line) hypotheses.
The red, green, and black lines represent our methods, KDEVM, and KNNVM,
respectively.

5.5 Conclusion and Future Work
This chapter first considered a linear model between two random variables X and

Y with only mild assumptions on the noise. We propose a novel mutual information
tester using only 1

ε
(which is optimal) samples drawn from this model to determine

whether X and Y are independent given that the mutual information of X and Y ,
I(X; Y ), is at least ε if I(X; Y ) ̸= 0. We bypass the standard way of estimating the
mutual information and manage to accomplish this testing task. We then consider
the model where the data are generated from a distribution who obeys a directed
tree structure. Our task is to identify this tree structure and we deploy our new
mutual information tester in the Chow-Liu algorithm. Then, our result suggests
that one only need 1

ε
log d samples to accomplish this goal. Finally, our findings are

demonstrated through empirical experiments.
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Figure 5.2: Performance comparison for Chow-Liu, PC, and GES algorithms eval-
uated on SHD and PRR. The red, blue, and green lines represent Chow-Liu, PC,
and GES, respectively.

For the future directions, we would like to extend our current setting to the
following:

• Consider a more general relation between X and Y instead of linear models.

• Apply our methods to more general underlying graphical structures such as
LiNGAM models.

• Use mutual information testing to determine the direction of the edge in the
underlying graph.
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Part II

Learning, Testing, and Inference
from Biased Data
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Chapter 6

Gaussian Mean Testing from Trun-
cation

6.1 Introduction
The Gaussian mean testing problem, which originated in the context of signal

processing under the name of signal detection, asks the following: given independent
observations from a high-dimensional vector subject to random white noise, how to
detect whether the underlying signal has large magnitude, or is non-significant?
This can be seen as a hypothesis testing version of the so-called Gaussian location
model (GLM) question from information theory and signal processing, where the
objective is to detect a signal instead of learning it.

Mean testing has recently seen a surge of interest from the machine learning
and theoretical computer science (and, specifically, distribution testing) commu-
nities, focusing on efficient algorithms with finite-sample guarantees, i.e., requir-
ing as few observations (samples) as possible. This culminated in simple, sample-
optimal algorithms for this task under an array of settings, including relaxing the
assumption on the random noise [Can+21; DKP22], considering it in the distributed,
communication-limited setting [ACT20; SVZ23], or requiring robustness to adver-
sarial corruptions of the observations [Can+23].

In this chapter, we consider a different variant, and focus on the truncated
samples setting. Truncation happens when some observations fail to be observed
or recorded, e.g., due to limitations in the sensing equipment or, in the case of
social studies or surveys, when a subset of respondents systematically withhold
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their response. A typical example is when asking insurance customers for some
sensitive medical information, as people with at-risk factors may decide to opt out
of the survey entirely for fear of having their insurance premiums go up. Truncated
samples (and the related notion of censored data) have a rich history in Statistics,
and a host of applications in medical science, social studies, and Economics, to name
a few (see, e.g., [Coh91a]); and, following [Das+18], has recently been the focus of a
line of work on efficient truncated statistics, whereby one seeks to develop efficient
algorithms to efficiently estimate the parameters of a population given truncated
samples: we elaborate on this in Section 6.1.2.

Despite the existence of these two lines of work – one on Gaussian mean testing,
and the other on learning parameters from truncated samples, to the best of our
knowledge there has not been any study of the very natural related question of
Gaussian mean testing from truncated samples. In this chapter, we address this
question, and show that the complexity of the testing task changes drastically (and
quite surprisingly) depending on the truncation set itself, and whether we have
some a priori information about it. In order to present our results and discuss their
implications, we start by formally defining the problem:

Problem formulation. Let µ ∈ Rd, Σ ∈ Rd×d be an unknown vector and
covariance matrix, respectively, and S ⊆ Rd, the truncation set, be a subset of
measure at least 1 − ε under the spherical normal distribution N (µ, Σ), where
0 ≤ ε < 1. We define the S-truncated Gaussian distribution, denoted N (µ, Σ; S),
as the normal distribution N (µ, Σ) conditioned on taking values on the subset
S. We suppose that samples, X = {x(1), . . . , x(n)}, from an unknown d-variate
normal N (µ, Σ) are only revealed if they fall into some subset S ∈ Rd; otherwise
the samples are hidden and their count in proportion to the revealed samples is
also hidden. We will make no assumptions about S, except that its measure ε with
respect to the unknown distribution is non-trivial, say ε = 1%: that is, one should
think of ε as a small (positive) constant. We will focus on the case of spherical
covariance matrices (before truncation), that is, where Σ = Id: this corresponds to
the signal detection problem alluded to before, where a signal is observed through
random white noise.

Given n i.i.d. samples x(1), x(2), . . . from a truncated Gaussian distribution P

on Rd (with unknown vector µ and truncation set S) and α ∈ (0, 1] an accuracy,
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the task is to distinguish between the following cases:

• (Completeness) if P = N (0, Id; S), the algorithm must output “ACCEPT”
with probability at least 2/3;

• (Soundness) if P = N (µ, Id; S) for some µ with ∥µ∥2 ≥ α, the algorithm
must output “REJECT” with probability at least 2/3.

The objective is to minimize the sample complexity of the algorithm, i.e., the number
of samples n required to achieve the task, over all possible vectors µ and truncation
sets S. Note that the complexity of the task might vary, depending on the parameter
regime and the information available about S: namely, (1) the relation between
truncated mass ε and desired accuracy α, and (2) whether the set S is unknown to
the algorithm or known (either provided explicitly, or as a membership oracle.1

6.1.1 Our contributions

We establish upper and lower bounds on the sample complexity of the problem,
and show it undergoes a stark transition as α and ε vary, when the truncation set
is unknown to the algorithm. Specifically, we show the following, where, for ease
of exposition, we focus on the dependence on the dimension d and treat ε, α as
constants:

• When ε
√

log 1/ε < α, i.e., the accuracy parameter is significantly larger than
the truncated probability mass, then the simple testing algorithm designed
for the non-truncated version of the problem works, achieving the optimal
sample complexity Θ(

√
d) (Theorem 6.2.1).

• When ε < α < ε
√

log 1/ε, there is a sudden phase transition: we provide
an information-theoretic lower bound showing that any algorithm requires
Ω(d) samples (Lemma 4). Combined with an O(d) upper bound obtained by
learning the unknown mean vector µ, our results show that in this regime
testing suddenly becomes as hard as learning.

• When α < ε, it follows from [Das+18] that the testing task becomes information-
theoretically impossible, regardless of sample complexity.

1A membership oracle for a set S is a procedure which, on any input x, indicates whether
x ∈ S.
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ε < α√
log 1

α

α√
log 1

α

≤ ε < α α ≤ ε

Unknown Θ(
√

d) Θ(d) ∞
Known Θ(

√
d) Θ(

√
d) Θ(

√
d)

Table 6.1: Mean testing sample complexity for small enough constant ε and α.

In contrast, we show that when the truncation set is known, a different (yet still
relatively simple) algorithm, based on the gradient of the maximum likelihood esti-
mator, achieves the optimal sample complexity O(

√
d), across all parameter ranges

(Theorem 6.3.1).

6.1.2 Related Works

We here discuss the literature and previous related work.

Learning from Truncated or Censored Samples Distribution learning under
censored, truncated mechanisms has had a long history. Censoring happens when
the events can be detected, but the measurements (the values) are completely un-
known, while truncation occurs when an object falling outside some subset are not
observed, and their count in proportion to the observed samples is also not known,
see [DV55; Coh57; Dix60; HS90; Coh91b; BS99; CCS13; CSV17] for an overview
of the related works in estimating the censored or truncated normal or other type
of distributions. [Pea02; PL08; Lee14] used the method of moments, while [Fis31]
used the maximum likelihood approach for the distribution learning from truncated
samples. Since then, [Das+18; Das+19; DRZ20] developed computationally and sta-
tistically efficient algorithms under the assumption that the truncation set is known.
Furthermore, [WDS19] considered the problem of estimating the parameters of a
d-dimensional rectified Gaussian distribution from i.i.d. samples. This can be seen
as a special case of the self-censoring truncation, where the truncation happens due
to the ReLU generative model.

Robust mean estimation Robust statistics [HR11] considers statistical infer-
ence problems under the setting where samples observed could be contaminated
in various ways. For robust estimation, the usual goal is to obtain accurate esti-
mation of parameters for parametric families such as Gaussian distributions under
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ε-contamination, where ε is the maximum fraction of samples (ε · n out of n) al-
lowed to be contaminated. This problem has been extensively studied in recent
years (see the book of [DK23], and references therein). There are algorithms and
lower bounds with different characteristics under different contamination models
(time complexity and accuracy trade-off) [HL19; Bla+22; Dia+19]. [HLZ20] stud-
ies (nonparametric) robust mean estimation: distributions with finite covariance.
Notably, using algorithms developed through robust mean estimation (also called
learning) for Gaussian under some strong contamination model, we can reduce our
testing under truncation problem via the standard learning-to-test argument, which
will give us a sample complexity upper bound of O(d/α2).

Robust mean testing Gaussian mean testing has been studied and well known
to have a sample complexity of Θ(

√
d/α2) [DKS17; DKP22]. Recently, [Can+23]

studied the Gaussian mean testing problem under two contamination models: obliv-
ious contamination model and strong contamination model – both yield improved
sample complexity than their learning counterparts. In the oblivious contami-
nation model, an adversary could remove ε fraction of original samples from P

without observing them and replacing them with samples from a different distribu-
tion. In this model, [Can+23] prove a near-optimal sample complexity bound of
Θ̃
(
max

(√
d

α2 , dε3

α4 , min
(

d2/3ε2/3

α8/3 , dε
α2

)))
.

In the strong contamination model, where the adversary could first observe
the values of original samples from P , then pick ε fraction of them and replace
with arbitrary values, [Can+23] gives the near-optimal sample complexity bound of
Θ̃
(
max

(√
d

α2 , dε2

α2

))
.2

Indeed, truncation can be viewed as a special form of contamination model,
and a strictly weaker form of contamination than the strong contamination model
considered in [Can+23]. Yet, it is somewhat orthogonal (neither stronger or weaker)
to the oblivious contamination model. We remark that our paper covers the full
parameter regime in terms of the relation between ε and α, while [Can+23, Theorem
7.1] has a limitation in the α ≥ ε ·polylog(d, 1

ε
, 1

α
). Under the regime, α≪ ε ·

√
log 1

ε
,

there is separation in sample complexity: Θ(
√

d
α2 ) v.s. Θ̃

(
max

(√
d

α2 , dε2

α2

))
between

the truncation model and strong contamination model.
2We use (̃·) to hide the polylogarithmic factors.
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6.2 Testing under Unknown Truncation
When the truncation set is unknown, we will focus on three possible regimes

depending on the relation between the accuracy and truncation parameter:

• ε ·
√

log(1/ε)≪ α: in this case, the truncation size is much smaller than the
required accuracy, meaning the change in the empirical mean after trunca-
tion is negligible (at most ε ·

√
log(1/ε). Therefore, applying the standard

mean tester [DKP22] Algorithm 6 with a sample complexity of O(
√

d/α2) is
sufficient.

• ε ≪ α ≪ ε ·
√

log(1/ε): Here, the truncation size is close to the accuracy
threshold. An adversarial truncation (knowing the true mean) can select a
truncation set that shifts the truncated mean by at least Ω(ε ·

√
log(1/ε)). In

this regime, we establish a lower bound of Ω(d/ε), indicating a transition in
sample complexity from Θ(

√
d) to Θ(d).

• α≪ ε: When the truncation size exceeds the accuracy threshold, it has been
shown that testing becomes information theoretically unfeasible [Das+18,
Lemma 12].

Our contribution are in the first two regimes and we will elaborate on in the following
subsections.

6.2.1 When Truncation Size is Much Smaller Than Accu-
racy ε

√
log 1/ε ≲ α

In this subsection, we present Theorem 6.2.1. Given that the change in the
expectation after truncation is minimal, it is sufficient to bound the change in
both the mean and variance of the truncated normal distribution (as outlined in
Lemma 3). We then apply the tester and analysis from [DKP22, Theorem 1.1]. As
a result, it is sufficient to apply the standard mean tester in Algorithm 6 with a
sample complexity of O(

√
d/α2).

Theorem 6.2.1. There exists an algorithm (Algorithm 6) that, given i.i.d. samples
from truncated Gaussian distribution P with an unknown support set S ⊂ Rd, can
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distinguish the following two cases based on the truncation mass parameter ε ∈ (0, 1)
and the accuracy parameter α > 0:

• (Completeness) If P is a truncated Gaussian distribution N (0, Id; S) and
the truncation mass satisfies 1 − N (0, Id; S) ⩽ ε, the algorithm will output
”ACCEPT” with probability at least 2/3.

• (Soundness) If P is a truncated Gaussian distribution N (µ, Id; S) where
∥µ∥2 ⩾ α ⩾ c1 · ε

√
log 1

ε
for some constant c1 > 0 and the truncation mass

satisfies 1−N (0, Id; S) ⩽ ε, the algorithm will output ”REJECT” with prob-
ability at least 2/3.

The algorithm requires O
(√

d
α2

)
samples from P .

Algorithm 6: GaussianMeanTester [DKP22]
Input : Sample access to distribution P on Rd and α > 0
Output : “ACCEPT” if P = N (0, Id, S);

“REJECT” if P = N (µ, Id, S) and ∥µ∥2 ≥ α;
both with probability at least 2/3

1 Set n = O(
√

d/α2);
2 Sample 2n i.i.d. points from P and denote them by X1, . . . , Xn and

Y1, . . . , Yn;
3 Define Z = 1

n2 (∑n
i=1 Xi)⊤ (∑n

i=1 Yi);
4 if |Z| ≤ O(

√
d/n) then

5 return “ACCEPT”;
6 else
7 return “REJECT”;

We now provide the proof sketch of Theorem 6.2.1. Given 2n i.i.d. sam-
ples from a d-variate truncated normal P ∼ N (µ, Id, S), let the sample set be
{x(1), . . . , x(n), y(1), . . . , y(n)}, where X = {x(1), . . . , x(n)}, Y = {y(1), . . . , y(n)}. The
measure of S under the non-truncated distribution N (µ, Id) is at least 1− ε, where
0 ≤ ε < 1. Define the empirical means of the sample sets in Rd as

X̄ := 1
n

n∑
i=1

Xi, Ȳ := 1
n

n∑
i=1

Yi.

Our core test statistic is the inner product of these two empirical means:

Z = ⟨X̄, Ȳ⟩ (6.1)
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Let µS = Ex∼N (µ,Id,S)[x] denote the mean of the truncated distribution, and let
ΣS = Ex∼N (µ,Id,S)[(x− µS) · (x− µS)T ] be the covariance matrix under truncation.

Lemma 2. For the random variable Z defined in Eq. (6.1), obtained from two
independent sets of n samples (i.e. 2n total samples) from P , the following holds:

E[Z] = ⟨E[X̄],E[Ȳ]⟩ = ∥µS∥2
2 (6.2)

Var[Z] ⩽ ∥ΣS∥2
F

n2 + 2
n
∥ΣS∥F∥µS∥2

2 (6.3)

Lemma 3 (Truncated vs non-truncated parameters). Let µS, ΣS be the mean and
covariance of the truncated Gaussian N (µ, Id; S) with a measure of at least 1 − ε.
Then the following holds:

∥µS − µ∥2 ≤ O(ε ·
√

log(1/ε)) and ∥ΣS − Id∥F ⩽ O(
√

d).

Using Lemma 2 and Lemma 3, we compute the expectation and variance of Z.
In the completeness case, the quantity |Z − ∥µ∥|22 is small, with E[Z] < O(α2) and
Var [Z] ≲ α4. In the soundness case, We can lower bound the expectation of µS for
N (µ, Id, S), where ∥µ∥2 ⩾ α, and show that E[Z] ⩾ Ω(α2), and Var[Z] ≲ E2[Z].
This provides a clear separation between the two cases.

6.2.2 When Truncation Size is Near Accuracy ε ≲ α ≲
ε
√

log 1/ε

As the truncation mass ε approaches to α, the null and alternative hypothesis
may overlap due to the non-negligible truncation size. This overlap occurs because
it becomes possible to choose truncation regions that can substantially alter µS

by an amount comparable to α, rendering the standard algorithm ineffective. Sur-
prisingly, it presents a much greater challenge for our testing problem, where the
sample complexity escalates to Ω(d), matching that of the existing robust learning
algorithms [DK23, Proposition 1.20].

Theorem 6.2.2. The sample complexity for truncated mean testing when ε ≲ α ≲
ε ·
√

log 1
ε

is Θ(d).
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Mean Testing Lower Bound We now show the main idea of our lower bound
proof. Intuitively, the hard instance constructed in Lemma 4 does exactly this: it
modifies the mean by α and selects a random unit vector v to define its direction
in Rd, thereby forming a d-variate truncated normal distribution in the soundness
case. This family of hard instances will be difficult to distinguish from N (0, Id), the
standard multivariate normal distribution without truncation. We can establish a
Ω(d) sample complexity bound using lower bound machinery developed in [DKS16,
Proposition 7.1]. This indicates that any tester will require a sufficient number of
samples to estimate the hidden direction v before being able to differentiate between
the null and alternative hypothesis.

Lemma 4 (Sample Complexity Lower Bound for Mean Testing with Unknown
Truncation When ε ≲ α ≲ ε

√
log(1/ε)). No algorithm can distinguish between

N (0, Id) and a family of truncated normal distribution of the form: N (v, Id, S)
with measure ε on the truncation set S̄ = Rd\S, for any ε < 1 and some ∥v∥2 =
α = Θ(ε

√
log(1/ε)), using fewer than Ω (d/ε) samples with a probability greater

than 2/3.

The complete proof is provided in Appendix D.3. Below, we present a sketch
of the proof for Lemma 4. We begin by constructing a one-dimensional truncated
normal distribution A = N (α, 1, S), where the truncated mass is ε. This means
Prx∼N (α,1)[x ∈ S] = 1− ε. We can determine the 1− ε quantile as:

b = α +
√

2 erf−1(1− 2ε).

which defines the truncation set as S = (−∞, b].
Let α(ε) = α = Θ

(
ε
√

log 1
ε

)
. For any ε, we can find a constant c2 = Θ(1) such

that E[A] = 0:

EX∼A[X] = α−
exp

(
−1

2 (b− α)2
)

√
2π(1− ε)

= 0,

which is equivalent to:

exp(−(erf−1(1− 2ε))2)√
2π(1− ε)

= Θ

ε

√
log 1

ε

 = α.

Next, we compute an upper bound on the chi-squared divergence between the trun-
cated distribution A and the standard normal distribution N (0, 1). We find that

χ2(A,N (0, 1)) ≤ O(ε + α2),
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We now apply Proposition 2.4.1 [DKS16, Proposition 7.1], and obtain a lower bound
of

Ω
(

d

ε + α2

)
= Ω

(
d

ε

)
.

Mean Testing Upper Bound We apply the standard learning-to-test approach:
first we estimate the pre-truncation mean of the truncated normal using O(d/α2)
samples, following [DK23, Proposition 1.20]. This gives an estimate µ̂ that is within
α of the true mean before truncation. If µ̂ is sufficiently close to zero, we return
"ACCEPT". Otherwise, return "REJECT".

6.3 Testing under known truncation
In this section, we demonstrate in Theorem 6.3.1 that when the truncation set

is known, an alternative yet straightforward algorithm, which leverages the gradient
of the maximum likelihood estimator, achieves the optimal sample complexity of
O(
√

d) across all parameter regimes. As a result, it is sufficient to apply Algorithm 7
with a sample complexity of O(

√
d/α2).

Algorithm 7: GaussianMeanTester with known truncation
Input : Sample access to truncated normal P on Rd, threshold α > 0,

and oracle access to its support set S
Output : “ACCEPT” if P = N (0, Id, S);

“REJECT” if P = N (µ, Id, S) and ∥µ∥2 ≥ α;
both with probability at least 2/3

1 Compute µ′
S = Ex∼N (0,Id,S)[x];

2 Set n = O(
√

d/α2);
3 Sample 2n i.i.d. points from P and denote them by X1, . . . , Xn and

Y1, . . . , Yn;
4 Z1 =

(
1
n

∑n
i=1 Xi − µ′

S

)⊤ ( 1
n

∑n
i=1 Yi − µ′

S

)
;

5 if |Z1| ≤ O(α2) then
6 return “ACCEPT”;
7 else
8 return “REJECT”;

The algorithm works as follows: Given the support S, it first calculates the
truncated mean for the standard multivariate normal, denoted as µ′

S. Next, it
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draws 2n i.i.d. samples from the truncated normal distribution P with unknown
mean. The algorithm then computes the statistic:

Z1 =
(

1
n

n∑
i=1

Xi − µ′
S

)⊤ ( 1
n

n∑
i=1

Yi − µ′
S

)
.

The algorithm will return ”ACCEPT” if |Z1| ≤ O(α2) and ”REJECT” otherwise.
The proof of Theorem 6.3.1 relies on the following two lemmas.

Lemma 5. Let Z1 be the statistics in Algorithm 7 Line 4, and µ′
S = Ex∼N (0,Id,S)[x]

(truncated mean under zero mean). Let µS be the truncated mean of the unknown
Gaussian P , we can show that

E[Z1] = ∥µS − µ′
S∥2

2.

Var[Z1] ⩽ O(α4 + α2 · ∥µS − µ′
S∥2

2).

Lemma 6 (Gap of Mean under Truncation). Let Ey∼N (0,Id;S)[y] = µ′
S and Ey∼N (µ′′,Id;S)[x] =

µ′′
S, where ∥µ′′∥2

2 ≥ α2. Additionally, assume that N (µ′′, Id; S) ≥ 1 − β for some
constant β. Then, it holds that

∥µ′
S − µ′′

S∥2
2 ≥ Ω(α2).

Proof sketch. Consider the negative log-likelihood function, ℓ̄(0), with the mean set
to 0 as the input parameter. This function is defined for a population drawn from
a truncated normal distribution with an unknown mean µ. From Equation 2.4, we
can express the gradient of the negative log-likelihood with respect to the mean
evaluated at 0, as follows:

∇ℓ̄(0) = −Ex∼N (µ,Id,S)[x] + Ez∼N (0,Id,S)[z] = µS − µ′
S.

Likewise, when evaluating the gradient at µ, we have

∇ℓ̄(µ) = −Ex∼N (µ,Id,S)[x] + Ez∼N (µ,Id,S)[z] = 0.

So, ∇ℓ̄(0) represents the difference between the truncated mean of the underlying
distribution and that of the distribution with mean 0. From Lemma 1, we know
that ℓ̄(·) is λ0-strongly convex, and λ0 is a constant if β is a constant. Therefore,
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by leveraging the properties of strong convexity and applying the CauchySchwarz
inequality, we obtain the following result:√

∥µ− 0∥2
2 · ∥∇l̄(µ)−∇l̄(0)∥2

2

⩾ ⟨∇l̄(µ)−∇l̄(0), µ− 0⟩ ⩾ λ0

2
∥µ∥2

2

By simplifying the expression and substituting µ with any ∥µ′′∥2
2 ⩾ α2, we can show

that:
∥µ′′

S − µ′
S∥2

2 ⩾ Ω(α2).

Theorem 6.3.1 (Known truncation tester). There exists an algorithm (Algorithm 7)
that takes i.i.d. samples from truncated normal Gaussian P and given oracle access
to S ⊂ Rd, the effective support of P , distinguishing the cases for parameters (mass
of truncation) 0 < ε ⩽ 1− β, where β is a constant and (accuracy) 1

4 ⩾ α > 0:

• (Completeness) P is a truncated Gaussian distribution N (0, Id, S) and 1−
N (0, Id; S) ⩽ ε. In this case, the algorithm will output yes with probability at
least 2/3.

• (Soundness) P is a truncated Gaussian distribution N (µ, Id, S) where ∥µ∥2 ⩾
α and 1 − N (0, Id; S) ⩽ ε. In this case, the algorithm will output no with
probability at least 2/3.

The algorithm will take O
(√

d
α2

)
samples from P .

Proof sketch. Using Lemma 5 and Lemma 6, we apply Chebyshev inequality in the
two cases:

1. Completeness: We know that E[Z1] = 0 and Var[Z1] ≤ O(α4). Thus, by
Chebyshev’s inequality, with probability at least 2/3 using,

Z1 ≤ O(α2).

2. Soundness: Let the non-truncated mean be µ′′ (and ∥µ′′∥2
2 ≥ α2) with

∥µ′′∥2
2 ≥ α2. Here, E[Z1] = ∥µ′′

S − µ′
S∥2

2 and Var[Z1] ≤ O(α4 + α2∥µ′′
S − µ′

S∥2
2).

Applying Chebyshev’s inequality, with probability at least 2/3, we have

Z1 ≥ ∥µ′′
S − µ′

S∥2
2 −O(α2 + α∥µ′′

S − µ′
S∥) ≥ Ω(α2).
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6.4 Conclusion and Future Work
In this chapter, we highlight the critical interplay between truncation mass ε

and accuracy α in determining the sample complexity required for Gaussian-Mean-
Testing in both known and unknown truncation regimes.

• Unknown Truncation: For ε < α/
√

log(1/α), we establish the tight sam-
ple complexity of Θ(

√
d), indicating the effectiveness of testing under mild

truncation. However, as ε approaches α, the sample complexity sharply
jumps to Θ(d), indicating a much more challenging testing regime (where
testing brings no sample complexity savings over learning). Furthermore,
when α ≤ ε, the sample complexity becomes infinite, as testing becomes
information-theoretically unfeasible.

• Known Truncation: In contrast, when the truncation is known, the sample
complexity remains Θ(

√
d) across all parameter ranges, even when ε > α.

Thus, having prior knowledge of truncation can facilitate efficient testing re-
gardless of the relationship between α and ε.

Overall, this is the first work that provide valuable insights into the sample com-
plexity for efficient Gaussian-Mean-Testing, emphasizing the importance of under-
standing truncation in designing algorithms for robust statistics.

In future work, we aim to generalize the soundness case by extending our analysis
to any arbitrary (unknown) covariance matrix Σ, beyond the identity-covariance
case. Another avenue of research, inspired by the recent line of work on convex
truncation [DNS23], is to explore whether structural assumptions on the truncation
set (whether known or unknown), for instance convexity or rotational symmetry,
could enable significantly more sample-efficient algorithms for the task.
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Chapter 7

Learning High-dimensional Gaussians
from Censored Data

7.1 Introduction
Missing data is a quite prevalent factor contributing to bias in statistical infer-

ence. It arises from various causes, such as limitations in instruments leading to
unreliable data, incomplete data collection resulting in missing relevant information,
societal biases influencing the suppression of observations, behavioral biases leading
to subjects dropping out of studies or avoiding survey questions, ethical, legal, or
privacy considerations restricting the utilization of collected data, and other sim-
ilar factors. Unfortunately training models without consideration of missing data
can lead to models that incorporate biases in the training data and make incorrect
predictions, which may in turn reinforce those biases when the models are deployed.

Since the early days of statistics, missing data has been a well-known challenge
in statistical inference, which occurs in a variety of domains, such as biology, physics,
clinical trial design, genetics, economics, survey research, and the social sciences. It
has motivated a vast effort towards developing methodologies that are more robust
to missing data. As example, we refer the reader to some of the early works in
statistics [Gal98; Pea02; PL08; Lee14; Fis31], some standard references in statistics
and econometrics [Tob58; Ame73; HW77; Hec79; HM98; LR19], works targeting
missing data in specific domains [War92; BK96; Tro+01; ABM08; HK10], books
overviewing this literature [Mad86; Bre+96; BC14], and finally some recent work in
computer science [MPT13; Das+18; Das+19; DRZ20; Das+21a; Das+21b; KTZ19;
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FKT20; Ple21].
The effect that data misssingness has on statistical inference depends heavily on

the missingness model. In general, missingness models in which the value of some
datapoint influences whether or not it will be missing from the dataset are harder
to deal with compared to models in which this happens randomly.

Techniques that have been extensively researched in scenarios where missingness
either does not depend on the data or only depends on the observed data are re-
ferred to as missing completely at random (MCAR) and missing at random (MAR)
respectively [Rub76; Tsi06; LR19]. In problems where missing entries depend on the
underlying values which are themselves censored, known as missing not at random
(MNAR), is substantially more difficult and less explored [RG97; RR97; SRR99;
SMP15; Ada+20]. The MNAR model is quite often relevant in practical applica-
tions. For example, the depression registry for mental health status is more likely
to have missing questionnaires leading to the self-censoring missingness [Car+21].
Data are missing by design due to the limitations of measurement resources, or
the treatment discontinuation when participants go off-control due to the lack of
tolerability [Lit+12].

The goal of this work is to advance our understanding of density estimation
in the non-asymptotic sample regime when data is missing not at random. In
particular, we consider the standard task of high-dimensional Gaussian distribution
estimation, albeit in settings where every sample of the Gaussian may have a subset
of its coordinates censored and which subset this is depends on the sample itself.
We consider two models for how the censoring may depend on the sample:

• Self-censoring model (see Section 7.1.1.1): in this model, a sample y is drawn
from an underlying Gaussian distribution N (µ∗, Σ∗), and each coordinate yi of
this sample is censored (i.e. replaced with a ‘?’) depending on whether or not it
satisfies a coordinate-specific Boolean predicate, i.e. whether Si(yi) = 1 or not.

• Linear thresholding model (see Section 7.1.1.2): in this more challenging model,
whether or not each coordinate is seen depends on whether the whole sample
satisfies a coordinate-specific predicate.

Our goal in both cases is to identify conditions on the predicates and the under-
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lying distribution under which their parameters can be estimated computationally
and sample-efficiently in each of the aforedescribed models. Our work advances
prior research on Gaussian estimation in the presence of MNAR data in the non-
asymptotic sample regime along the following axes:

• Gaussian estimation under censoring (see e.g. the classical works of [Gal98;
Pea02; PL08; Fis31] and the ensuing literature): Prior work on this problem
in the non-asymptotic sample regime studies the “all-or-nothing setting,” where
either all coordinates or no-coordinate can be observed [Das+18]. They also re-
quire that some absolute constant fraction of the Gaussian can be observed. In
comparison to this work, we allow heavily corrupted data where no such constant
fraction exists where no coordinate is missing. However, we allow the predicate
determining the censoring of coordinate i to either be very general but only de-
pendent on this coordinate (self-censoring model), or depend on all coordinates
but be simpler, namely a hyperplane (linear-thresholding model).

• Gaussian estimation under self-selection (see e.g. the classical work of [Roy51]
and the ensuing literature): Prior work on this problem in the non-asymptotic
sample regime [Che+22] studies specific selection mechanisms (in particular hid-
ing all but the maximum coordinate of each sample) and also assumes indepen-
dence among the coordinates. In comparison to this work, we allow correlations
among coordinates and more general masking mechanisms. However, we focus on
Gaussian distributed coordinates while they can accommodate non-parametric
distributions.

7.1.1 Our Contributions

In this chapter, we are interested in recovering the “uncorrupted” Gaussian
distribution given samples from a “corrupted” distribution (according to our miss-
ingness model). We use a population maximum likelihood approach as the estima-
tion algorithm, and apply projected stochastic gradient descent on the likelihood
function. We give theoretical proof of fast convergence in the parameter space.

A missingness model is defined by a function S : Rd → 2[d]. For an underlying
d-dimensional vector y, S(y) is interpreted as the set of coordinates of y that are
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not missing. An observation is a pair (A, x), where A = S(y) and x = yA for an
underlying sample y ∈ Rd.

7.1.1.1 Distribution Learning Under The Self-Censoring Mechanism

Self-censoring Missingness Model. The Self-censoring mechanism is commonly
encountered in practice. In this model the missingness of an outcome is affected by
its underlying value. For example, smokers are not willing to report their smoking
behavior in insurance applications. Voters holding particular beliefs may not dis-
close their political preferences in election surveys. The Self-censoring model is of
significant interest because the model is: (i) conceptually well-motivated, and (ii)
can be considered as a baseline for other more complex missingness models. We say
that S is a self-censoring missingness model if there exist sets S1, . . . , Sd such that
S(y) = {i ∈ [d] : yi ∈ Si}.

Our result in this setting rests on the following hypothesis:

Assumption 7.1.1. For any pair of coordinates i, j ∈ [d] : Pry∼N (µ∗,Σ∗)[yi ∈
Si, yj ∈ Sj] ≥ α.

Theorem 7.1.2. Suppose we can observe samples from N (µ∗, Σ∗) censored through
a self-censoring missingness model S. If assumption 7.1.1 is satisfied for some
constant value of the parameter α, there exists a polynomial-time algorithm that
recovers estimated µ∗, Σ∗ with arbitrary accuracy. Specifically, for all ε > 0, and
given that the eigenvalues of Σ∗ lie in the interval [λmin, λmax], the algorithm uses
Õ
(

d2(λmax/λmin)2

αε2

)
samples and produces estimates that satisfy the following:

∥∥∥Σ∗−1/2(µ∗ − µ̂)
∥∥∥

2
≤ O(ε);

and
∥∥∥I −Σ∗−1/2Σ̂Σ∗−1/2

∥∥∥
F
≤ O(ε).

Note that the sample complexity is proportional to 1/α. Furthermore, under the
above conditions, we have dTV(N (µ∗, Σ∗),N (µ̂, Σ̂)) ≤ O(ε).

7.1.1.2 Mean Estimation Under Linear Thresholding Missingness

We say S is a linear thresholding missingness model if there exist v1, . . . , vd ∈ Rd

and b1, . . . , bd ∈ R such that S(y) = {i ∈ [d] : vT
i y ≤ bi}. For instance, if for a
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pair of coordinates xi, xj, we can only observe the maximum of the two, this can
be modeled by a linear thresholding model where the i’th coordinate is observed if
xj − xi ≤ 0 and the j’th coordinate is observed if xi − xj ≤ 0.

Our main algorithmic result rests on the following two data hypotheses:

Assumption 7.1.3. There exist some α, β > 0 such that for any set A ⊆ [d] of
size at most βd,

Pr
y∼N(µ∗,Σ)

[A ⊆ S(y)] ≥ α.

Note that we only consider the case where βd is a positive integer without loss of
generality.

Assumption 7.1.4. (Informal) There exists an anchoring set of coordinates C

such that (i) C is observed in every sample, and (ii) conditioned on the values at
C, each missingness pattern occurs with probability 0 or at least γ.

The second assumption states that the anchoring subset is compulsorily observed
and values at these coordinates determine the missingness pattern (the set of coor-
dinates observed) almost fully. This is in analogy to the anchor topic modeling used
in natural language processing, which is a variation of probabilistic topic modeling
that incorporates a set of predefined “anchor words" to guide the topic modeling
process. Our anchored missingness is similar to the “anchor words" assumption. For
instance, the anchoring subset might be a set of questions in a questionnaire that
are mandatory to answer and whose values are very indicative of the respondant’s
behavior. We now informally state our main algorithmic result here:

Theorem 7.1.5. For a known covariance matrix Σ, suppose we can observe sam-
ples from N (µ∗, Σ) censored through a linear thresholding missingness model S.
If assumption 7.1.3 and assumption 7.1.4 are satisfied, there exists a polynomial-
time algorithm that recovers estimated µ∗ with arbitrary accuracy. Specifically, for
all ε > 0, the algorithm uses poly(d, 1/α, 1/β, 1/γ, λmax(Σ)/λmin(Σ), 1/ε, log(1/δ))
samples and running time, and with probability at least 1− δ, produces an estimate
µ̂ such that ∥µ̂− µ∗∥Σ ≤ ε.
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7.1.2 Our Techniques

Self Censoring In the self censoring model, we show that the problem can be
reduced to solving truncation problems in each of the 2-dimensional subspaces
spanned by pairs ei, ej of the basis vectors. This allows us to use a 2-dimensional ver-
sion of the algorithm in [Das+18] as subroutine for our algorithm in order to extract
the information about pairwise correlation of coordinates needed to reconstruct the
true covariance matrix Σ∗. The mean is reconstructed in a more straightforward
way via solving 1-dimensional truncation problems for each coordinate.

In particular, to estimate the diagonal entries of Σ∗, we use 1-dimensional sub-
problems and for each off-diagonal entry Σij we solve the 2× 2 subproblem on the
coordinates i and j, but we only care about the off-diagonal entries of the result
(ignoring the rest) and we use exactly that value as the estimate for the entry. To
achieve the required guarantees, assuming the condition number of the true covari-
ance matrix Σ∗ is constant, one needs to run the subproblems with ε′ = c · ε/d for
some constant c < 1 (since the Frobenious distance can be at most a factor d larger
than the maximum entry-wise difference), which would imply a sample complexity
of O(1/ε′2) for each subproblem. Therefore, we will need O(1/ε′2) = O(d2/ε2) sam-
ples in which both coordinates i and j are present for each of the O(d2) possible
coordinate pairs. According to our assumption 7.1.3, this happens with probability
at least α for a particular pair of coordinates. Therefore, if we draw O(d2 log(1/δ)

αε2 )
samples, we get that for each pair of coordinates, we have the required amount of
samples with probability at least 1 − δ. Since we need δ < 1

d2 to apply a union
bound, we have that O(d2 log d

αε2 ) = Õ( d2

αε2 ) samples are sufficient for Σ∗ with constant
condition number.

Linear-thresholding Model For the linear thresholding model, the above re-
duction does not work because the problem can no longer be "decomposed" into
2-dimensional ones. The reason is that whether or not some pair of coordinates
(xi, xj) appears can now be affected by the value of x in coordinates different than
i and j. Therefore, we design a projected stochastic gradient descent (PSGD) algo-
rithm that, given the covariance matrix Σ is known, yet arbitrary, it will give us an
estimate of the true mean µ∗ of the original distribution, which can be arbitrarily
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close to it with the right choice of parameters. The algorithm first uses an empirical
estimator for the initialization of the estimate. We show that its distance to the true
mean is bounded as a function of Σ and the parameters of assumption 7.1.3. Subse-
quently, we run a PSGD algorithm, whose projection step maintains this property.
The gradient sampling step is non-trivial as a straightforward rejection sampling
approach would run in exponential time. Therefore, we resort to a Langevin Monte
Carlo algorithm which yields an approximately unbiased sample of the gradient.
The projection set in this algorithm ensures that the centralized second moment of
the gradient estimator is bounded, while its bias is also kept small. Combining this
with our lower bound on the convexity parameter of the strongly convex likelihood
function ℓ(µ), we are able to show the result.

7.1.3 Related Work

High-dimensional distribution learning [Kea+94] initiated a systematic in-
vestigation of the computational complexity of distribution learning. Since then,
there has been a large volume of works devoted to the parameter and distribution
learning from a wide range of distributions in both low and high dimensions [Das99a;
SK01; Cha+13; GHK15; Dia+19; Bak+22]. Broadly, this problem falls into the
realm of robust statistics. Following the pioneering works by [Tuk60; Hub92],
other recent works on high dimensional robust distribution learning can be found at
[CSV17; Rek+17; Dia+18; Kho+19; Dia+20; Kan21]. We will be particularly inter-
ested in robustly estimating mean and covariance from high-dimensional data with
partially-reliable data samples [Bar64; Sza80; Ste81; BM09; BS10; Pas+13; LRV16;
DK19; Dia+19; Lei+20; Che+20; CMY20; HLZ20]. Settings similar to ours are
studied in [Liu+21; HR21] regarding robust mean estimation with coordinate-level
corruptions. In this paper, we obtain stronger guarantees for the mean estimation,
yet incomparable to [Liu+21] due to their stronger corruption model.

Learning from truncated or censored samples Distribution learning under
censored, truncated mechanisms has had a long history. Censoring happens when
the events can be detected, but the measurements (the values) are completely un-
known, while truncation occurs when an object falling outside some subset are not
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observed, and their count in proportion to the observed samples is also not known,
see [DV55; Coh57; Dix60; HS90; Coh91b; BS99; CCS13; CSV17] for an overview
of the related works in estimating the censored or truncated normal or other type
of distributions. [Das+18; Das+19; DRZ20] developed computationally and statis-
tically efficient algorithms under the assumption that the truncation set is known.
Furthermore, [WDS19] considered the problem of estimating the parameters of a
d-dimensional rectified Gaussian distribution from i.i.d. samples. This can be seen
as a special case of the self-censoring truncation, where the truncation happens due
to the ReLU generative model. [SMP15] explored the identification and estimations
conditions when data are missing not-at-random. While [Bha+20; NBS20; MST21]
explored the necessary and sufficient graphical conditions to recover the full data
distribution under no self-censoring condition.

Learning from general missingness More broadly, self-selection models fall
under the literature of regression with MNAR in the outcomes [RR95; RRS98;
TWS18]. Unlike self-censoring, this project doesn’t restrict the form of the repre-
sentation. Two most popular methods are the expectation-maximization algorithm
[DLR77] and Gibbs sampling [GG84] under MAR. Despite the long history and the
application of missing data models, most of the existing methods with regard to ro-
bust learning [RS01] are consistent in the asymptotic sample regime. For example,
likelihood method [EB01], multiple imputation [All00], semiparametric estimation
with influence function [RRS00], inverse probability weighted complete-case estima-
tor [Woo07; SW13], and double/debiased machine learning [Che+18]. See textbook
[Tch06; Tsi06; Van18] for more introductions and further applications in this field.
Recently, there are several finite sample guarantees for the double robust estimator
when data are MNAR [CNS18; CNS21] and high-dimensional [Qui22]. In addition
to the works discussed, there has been significant research on detecting truncation
[DNS23; De+24] and estimation under unknown truncation [KTZ19; DKS17].

7.2 Notations and Preliminaries
Throughout, let d ≥ 1 denote the dimension of the underlying domain. For a

d-dimensional vector u and a subset A ⊆ [d], let uA ∈ R|A| denote the restriction of
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u to the coordinates in A. A missingness model is defined by a function S : Rd →
2[d]. Given a distribution D on Rd, an observation of D censored by S is a pair
(A, x) ∈ 2[d] × R|A|, generated by first sampling y ∼ D and then setting A = S(y)
and x = yA. The interpretation is that yi is seen for every i ∈ S(y) while yi is
missing for every i ̸∈ S(y). We denote the resulting distribution on pairs by DS. If
the density function of D is f , then the density function of DS is fS defined as:

fS(A, x) =
∫

y∈Rd
1{[}S(y) = A] · δ(yA − x)f(y)dy. (7.1)

Note that ∑A⊆[d]
∫

x∈R|A| fS(A, x) = 1, as desired. We say that S is a self-censoring
missingness model if there exist sets S1, . . . , Sd such that S(y) = {i ∈ [d] : yi ∈ Si}.
We say S is a linear threshold missingness model if there exist v1, . . . , vd ∈ Rd and
b1, . . . , bd ∈ R such that S(y) = {i ∈ [d] : vT

i y ≤ bi}.

Fact 7.2.1. Let A = {aij} and B = {bij} be two d × d matrices such that ∀i, j :
|aij − bij| ≤ δ. Then, ∥A−B∥F ≤ δ · d.

7.3 Distribution Learning under Self-Censoring
Missingness

The problem of learning a distribution from truncated samples was studied
in [Das+18]. Their guarantee, as presented in Theorem 7.3.1, is given under the
assumption that a fraction α of all the samples is fully observed across all dimensions.

Theorem 7.3.1 (adapted from [Das+18]). Given oracle access to a measurable set
T , whose measure under some unknown d-variate normal N (µ∗, Σ∗) is at least some
constant α > 0, and samples x(1), x(2), . . . , x(n) from N (µ∗, Σ∗) that are truncated
to this set, there exists a polynomial-time algorithm that recovers estimates µ̂ and
Σ̂. In particular, for all ε > 0, the algorithm uses Õ(d2/ε2) truncated samples and
queries to the oracle and produces estimates that satisfy the following with probability
at least 99%.

∥(µ∗ − µ̂)∥2 ≤ ε
√

λmax; and ∥Σ∗ − Σ̂∥F ≤ ελmax.

92



CHAPTER 7. LEARNING HIGH-DIMENSIONAL GAUSSIANS FROM
CENSORED DATA

This simplifies the problem because with enough samples, part of the shape of
the Gaussian distribution can be observed, allowing for simultaneous estimation of
the mean and covariance. In contrast, the self-censoring missingness only allows us
to observe a subset of samples, making the estimation problem more challenging.
The goal is to recover µ∗ and Σ∗ under minimal assumptions on the censoring
mechanism. In this section, we present and analyze our algorithm for estimating
the true mean and covariance of the multivariate normal distribution under self-
censoring missingness.

The main idea behind our algorithm for self-censoring missingness is to use the
solutions to 1-dimensional and 2-dimensional subproblems as subroutines and sub-
sequently combine them appropriately to obtain the solution. These subproblems
are either the restriction of our problem to a single coordinate or a pair of coor-
dinates. assumption 7.1.1 guarantees the existence of sufficiently many samples
for these problems and allows us to use the 1D and 2D versions of Algorithm 1
in [Das+18] as our Univariate_SGD_truncation and Bivariate_SGD_truncation

estimator respectively.
Even though these subroutines can give us accurate estimates for each coordinate

of the true mean and the correlations between pairs of sample coordinates it is
unfortunately not straightforward to provide an estimate of the d × d covariance
matrix satisfying our desired guarantees. We explain below how to get around this
issue.

We reconstruct the covariance matrix by only considering pairs of coordinates.
For each i ̸= j, we apply the 2-dimensional version of the algorithm in [Das+18]
(Bivariate_SGD_truncation) on the ith and j’th coordinates to obtain the 2× 2-
matrix Σ̂ij. We will show that the d× d matrix Σ̂ whose off diagonal entries (Σ̂ij)
are given by the off diagonal entries (Σ̂ij

12) of the corresponding 2 × 2 matrix is a
good approximation for the true Σ.

We are now ready to describe Algorithm 8 demonstrating our distribution learn-
ing approach under self-censoring missingness mechanism.

Mean Estimation We show in Lemma 7 the finite sample bound with a consis-
tent mean estimation up to a bounded error of O(ε). The proof is deferred to the
appendix.
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Algorithm 8: [Truncation_PSGD] Mean and covariance recovery algo-
rithm with oracle access that generates samples with incomplete data.

Input : Data x ∈ Rn×d, where n = 1
αε′2

1 for i← 1 to d do
2 µ̂i, Σ̂ii ← Uni_SGD_trunc(xi, Si);
3 for i← 1 to d− 1 do
4 for j ← i + 1 to d do
5 Σ̂ij

12 ← Biv_SGD_trunc(xi, xj, Si × Sj);

6 µ̂← [µ̂1, µ̂2,..., µ̂d];
7 for i← 1 to d− 1 do
8 for j ← i + 1 to d do
9 Σ̂ij ← Σ̂ij

12; Σ̂ji ← Σ̂ij
12;

10 return (µ̂, Σ̂)

Lemma 7. Let N (µ∗, Σ∗) be the normal distribution with mean µ∗ and covariance
matrix Σ∗. Suppose that assumption 7.1.1 holds for some constant α > 0, and let
µ̂ = (µ̂1, . . . , µ̂d) be the estimated mean from the censored Gaussian in Line 6 of
Algorithm 1. For all ε > 0, using Õ( d2

αε2 ) samples1 we have that:

∀i ∈ [d] : |µ∗
i − µ̂i| ≤ (ε/d)σi ≤ (ε/d)

√
λmax(Σ)

where σi denotes the standard deviation of coordinate i (i.e σi =
√

Σ∗
ii, where Σ∗

ii is
the i-th diagonal entry of the covariance matrix Σ∗).

Covariance Estimation In Lemma 8 below, we show that if for each pair of
coordinates we are given enough samples in which this particular pair is seen, we
are able to obtain an accurate estimation of Σ∗. In particular, we will run the 2D
version of the problem for each of the

(
d
2

)
pairs of coordinates and require that the

estimate has accuracy ε2. By applying Theorem 7.3.1 for d = 2, and error δ = 1
100(d

2)
,

we conclude that Õ(1/ε2
2) samples are sufficient to achieve 99% success probability

via a union bound. We will show that ε2 doesn’t need to be too small.

Lemma 8. Let Σ̂ be the matrix with entries Σ̂ij = Σ̂ij
12, where Σ̂ij

12 denotes the value
of the off diagonal entries of the 2×2 matrix Σ̂ij.By Σ̂ij we denote the estimation of

1We note that the Õα notation here hides both log d and log(1/δ) factors.

94



CHAPTER 7. LEARNING HIGH-DIMENSIONAL GAUSSIANS FROM
CENSORED DATA

a 2×2 covariance matrix that we get when we restrict the input data to coordinates i

and j. Then the following holds: Using Õ( d2

αε2 ) samples to get the above estimates,we
have that:

∥Σ∗ − Σ̂∥F ≤ ελmax

where λmax is the maximum eigenvalue of Σ∗

Based on the above results, we summarize our main results under the self-
censoring missingness mechanism in Theorem 7.1.2.

Theorem 7.1.2. Suppose we can observe samples from N (µ∗, Σ∗) censored through
a self-censoring missingness model S. If assumption 7.1.1 is satisfied for some
constant value of the parameter α, there exists a polynomial-time algorithm that
recovers estimated µ∗, Σ∗ with arbitrary accuracy. Specifically, for all ε > 0, and
given that the eigenvalues of Σ∗ lie in the interval [λmin, λmax], the algorithm uses
Õ
(

d2(λmax/λmin)2

αε2

)
samples and produces estimates that satisfy the following:

∥∥∥Σ∗−1/2(µ∗ − µ̂)
∥∥∥

2
≤ O(ε);

and
∥∥∥I −Σ∗−1/2Σ̂Σ∗−1/2

∥∥∥
F
≤ O(ε).

Note that the sample complexity is proportional to 1/α. Furthermore, under the
above conditions, we have dTV(N (µ∗, Σ∗),N (µ̂, Σ̂)) ≤ O(ε).

With the following lemma we will show a lower bound, which shows that even if
the TV distance is large, in which case the distributions are easily distinguishable
in the classical sampling model, the censoring model makes the distribution hard
to distinguish.

Lemma 9. Given m = o(1/
√

λmin) censored samples according to the missingness
model S and ε = Ω(

√
λmin). No algorithm can estimate the true mean with accuracy

O(ε) and probability larger than 2/3.

Note that, for ε = Ω(
√

λmin) the TV distance between the distributions Pλ and
Qλ is Ω(1), yet the Ω(1/

√
λmin) censored samples are necessary.
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7.4 Mean Estimation under Linear Thresholding
Missingness

In this section, we present sufficient conditions for mean estimation under linear
thresholding missingness. As earlier, we let S denote the missingness model, and
N (µ∗, Σ) denote the ground truth distribution. Our observations are drawn from
N (µ∗, Σ)S.

We will make the following two assumptions on the missingness mechanism and
the ground truth distribution. Our first assumption ensures that any small subset
of coordinates is observed simultaneously with non-negligible probability.

Assumption 7.1.3. There exist some α, β > 0 such that for any set A ⊆ [d] of
size at most βd,

Pr
y∼N(µ∗,Σ)

[A ⊆ S(y)] ≥ α.

Note that we only consider the case where βd is a positive integer without loss of
generality.

This is a stronger version of assumption 7.1.1. Our second assumption postulates
existence of an “anchoring” subset.

Definition 7.4.1 (Anchored missingness). A subset C ⊆ [d] is γ-anchoring if

(i) C ⊆ S(y) for any y, and

(ii) for any A ⊆ [d], Pr
y∼N (µ∗,Σ)

[S(y) = A | yC ] is either 0 or at least γ.

Assumption 1.4. There exists a γ-anchoring subset C for the true distribution
N (µ∗, Σ) in combination with the missingness model S.

Given the assumptions above, we will prove the following result showing that we
can accurately and efficiently recover the mean of the distribution using censored
samples:

Theorem 7.1.5. For a known covariance matrix Σ, suppose we can observe sam-
ples from N (µ∗, Σ) censored through a linear thresholding missingness model S.
If assumption 7.1.3 and assumption 7.1.4 are satisfied, there exists a polynomial-
time algorithm that recovers estimated µ∗ with arbitrary accuracy. Specifically, for
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all ε > 0, the algorithm uses poly(d, 1/α, 1/β, 1/γ, λmax(Σ)/λmin(Σ), 1/ε, log(1/δ))
samples and running time, and with probability at least 1− δ, produces an estimate
µ̂ such that ∥µ̂− µ∗∥Σ ≤ ε.

General outline In this section, we present and analyze our mean estimation
algorithm of MissingDescent under anchor missingness models. As a high-level
overview, our approach involves running a Projected Stochastic Gradient Descent
(PSGD) algorithm on a negative log-likelihood function whose optimal value coin-
cides with the true mean. The steps of proof are as follows:

• We develop an appropriate objective function in Section 7.4.1 and design an ef-
ficient mean estimation algorithm MissingDescent in Algorithm 10, assuming
that any small subset of coordinates is observed with sufficiently high prob-
ability (assumption 7.1.3), and the observed missingness pattern is not very
rare conditioned on the values of the observed coordinates (assumption 7.1.4).

• We show that our objective function is strongly convex with respect to the
correct parameterization and hence the optimum is unique. Furthermore, it
is equal to the true mean.

• We analyze our MissingDescent algorithm in Section 7.4.3 by showing that
Algorithm 10 approximately optimizes ℓ with bounds on the runtime and
sample complexity.

• Specifically, we show in Algorithm 9 in Section 7.4.2 that we can use the
Initialize algorithm to efficiently compute an initial feasible point to start
the optimization.

• In the SampleGradient algorithm in Algorithm 12, we demonstrate that it
is possible to obtain an estimate of ∆ℓ(µ) that is approximately unbiased
by sampling from the conditional distribution. Additionally, we use the
ProjectToDomain algorithm in Algorithm 11 to project a current guess back
onto the domain.
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7.4.1 Negative Log-likelihood Objective Function with An-
chor Missingness

We will approach the mean estimation problem via optimization of the popula-
tion log-likelihood with respect to a given parameter estimate µ for the true mean
µ∗. Define gµ to be the density function of N (µ, Σ):

gµ(y) = (2π)
−d
2 |Σ|

−1
2 exp

(
−(y− µ)T Σ−1(y− µ)

2

)
.

Recall the notation gS
µ defined in Section 7.2 to be the density function of N (µ, Σ)

censored by S. We can then write down the population negative log-likelihood ℓ as:

ℓ(µ) = E
(A,x)∼N (µ∗,Σ)S

[− log gS
µ(A, x)]

= E
(A,x)

[
− log

∫
y
1{[}S(y) = A] · δ(yA − x) · gµ(y)dy

]
.

In the second equality, and everywhere later, (A, x) is an observation sampled
from the censored version of the true distribution: N (µ∗, Σ)S. The integral above
marginalizes over all y for which the missingness model would yield the observation
(A, x).

The gradient with respect to µ of ∇ℓ(µ) can be expressed as

E
(A,x)

[
−
∫

y Σ−1(y− µ) · 1{[}S(y) = A] · δ(yA − x)gµ(y)dy∫
y 1{[}S(y) = A] · δ(yA − x) · gµ(y)dy

]
(7.2)

= − E
(A,x)

[ E
y∼N (µ,Σ)

[Σ−1(y− µ) | S(y) = A, yA = x]] (7.3)

Lemma 10. For any µ ∈ Rd, it holds that: ℓ(µ) ≥ ℓ(µ∗).

Lemma 11 (Strong Convexity with Missing Entries). Given our missingness model
and assumption 7.1.3 with β = c

d
for some integer c ∈ {1, . . . d}, we have that the

function with general covariance ℓ(µ) is λ-strongly convex for λ = αβ/λmax(Σ).

Remark. Convexity may not hold if the missignnness pattern is not linear thresh-
olding. For example, even for d = 1, if µ∗ = 0 and S(y) = {1} if y ∈ [2, 4] and ∅
otherwise, the function ℓ(µ) is not convex.
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7.4.2 Algorithm

Initialization Our first step for efficiently optimizing the negative log-likelihood
function is finding a good initial point for the PSGT. Specifically, we take the
empirical mean µ̂. This is a biased estimate, but we show below that this is good
enough for initialization: the distance of the empirical estimates and true mean µ∗

is a constant that depends only on the constant β, mass α and λmax of the known
Σ. The pseudocode for Initialize appears in Algorithm 9.

Algorithm 9: [Initialize] Initialization for the main algorithm.
Input : Access to data generator O, parameter β = c

d
for some integer

c ∈ {1, . . . , d}, number of samples Minit
1 w← empty array of length d
2 X← matrix with Minit rows, each an independent sample from O
3 for i← 0 to ⌈1/β⌉−1 do
4 s← iβd + 1
5 t← min{(i + 1)βd, d}
6 Yi ← submatrix of X consisting of columns s, s + 1, . . . , t
7 Remove all rows of Yi containing at least one ∗
8 µ̂i ← average of the rows of Yi

9 w[s, s + 1, . . . , t]← µ̂i

10 return w

By assumption 7.1.3, we have that after line 7 in Initialize, each Yi is the
truncation of a βd-dimensional gaussian where the truncation set has mass at least α.
Using Lemma 6 of [Das+18], the mean of such a truncated gaussian is O(

√
log(1/α))

distance away from the untruncated mean. Hence, we have ∥E[w] − µ∗∥2
2 =∑

i ∥E[µ̂i] − µ[iβd + 1, . . . , (i + 1)βd]∥2
2 ≤ λmax

∑
i ∥E[µ̂i] − µ[iβd + 1, . . . , (i +

1)βd]∥2
Σ ≤ O(λmax

β
log(1/α)).2 Therefore, ∥E[w]−µ∗∥2 ≤ O(

√
λmax

β
log(1/α)). Later

in Section 7.4.3, we analyze the number of samples Minit required for ∥w−µ∗∥2 to
satisfy this bound with high probability.

Note that, in each iteration of SGD in MissingDescent (Algorithm 10), we
choose a projection set, to make sure that PSGD converges. Specifically, we project

2Define x = E[µ̂i] − µ[iβd + 1, . . . , (i + 1)βd], and the eigenvalue decomposition of Σ−1 as
Σ−1 = Q⊤D−1Q. The first inequality holds because ∥x∥2

Σ = ∥x⊤Q⊤D−1Qx∥2 = ∥D−1/2Qx∥2
2 ≥

1
λmax
∥Qx∥2

2 = 1
λmax
∥x∥2

2. Therefore, we have ∥x∥2
2 ≤ λmax∥x∥2

Σ
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Algorithm 10: [MissingDescent] Mean recovery algorithm given access
to an oracle that generates samples with incomplete data.

Input : Access to data generator O, parameters β, λsgd, ηlmc, Rlmc, rproj,
Minit, Msgd, Mgrad

1 µ(0) ← Initialize(O, β, Minit)
2 for i← 1 to Msgd do
3 Sample (A(i), x(i)) from O
4 ηi ← 1

λsgd·i

5 g(i) ← SampleGradient((A(i), x(i)), µ(i−1), ηlmc, Rlmc, Mgrad)
6 v(i) ← µ(i−1) − ηig(i)

7 µ(i) ← ProjectToDomain(µ(0), v(i), rproj)

8 µ̄← 1
Msgd

∑Msgd
i=1 µ(i)

9 return µ̄

a current guess back to a BΣ ball scaled by rproj and centered at µ(0) as shown
below:

Algorithm 11: [ProjectToDomain] The function that projects a current
guess back to the domain onto the BΣ ball.

Input : µ(0), v, parameter rproj

1 return µ(0) + min{rproj, ∥(v− µ(0))∥Σ} · (v−µ(0))
(∥v−µ(0))∥Σ

Our goal is to minimize the population negative log-likelihood ℓ via (projected)
stochastic gradient descent while maintaining its strong-convexity. Specifically, Al-
gorithm 10 above describes this strategy. In order to apply Algorithm 10 to our
log-likelihood objective function, we need to solve the following three algorithmic
problems:

• Initialization: efficiently compute an initial feasible point from which to start
the optimization. The pseudocode for Initialize appears in Algorithm 9;

• Gradient estimation: design a nearly unbiased sampler for ∇ℓ(µ) using Langevin
sampling. The SampleGradient pseudocode appears in Algorithm 12;

• Efficient projection: perform an efficient projection into a set of feasible points
to make sure that PSGD converges. The pseudocode presents in Algorithm 11.
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Algorithm 12: [SampleGradient] Sampler for ∇ℓ(µ).
Input : (A, x), µ, parameters η, R, M

1 a← |A|
2 Compute µcond and Σcond as in (E.10) and (E.11)
3 Let W be such that Σcond = WW ⊤

4 Compute L = (W −1K) ∩ BΣ(W −1µcond, R)
5 z(0) ← a point in L
6 for t = 0 to M − 1 do
7 Sample ζ(t) from N (0, Id−a)
8 z(t+1) ← ΠL

(
z(t) − η(z(t) −W −1µcond) +√η · ζ(t)

)
9 return −Σ−1(x ◦ (Wz(M))− µ)

7.4.3 Analysis of MissingDescent

We show in this section that Algorithm 10 approximately optimizes ℓ with
bounds on the runtime and sample complexity. The following lemma describes
the ingredients necessary to obtain such bounds:

Lemma 12 (Lemma 6 in [Che+22]). Let f : Rk → R be a convex function, K ⊆ Rk

a convex set, and fix an initial estimate x(0) ∈ K. Now, let x(1), . . . , x(T ) be the
iterates generated by running T steps of projected SGD using gradient estimates
g(1), . . . , g(T ) satisfying E[g(i) | x(i−1)] = ∇f(x(i−1))+b(i). Let x∗ = arg minx∈K f(x)
be a minimizer of f . Then, if we assume:

(i) Bounded step variance: E[∥g(i)∥2
2] ≤ ρ2,

(ii) Strong convexity: f is λ-strongly convex, and

(iii) Bounded gradient bias: ∥b(i)∥2 ≤ ρ2

2λ·diam(K)·i ,

then the average iterate x̂ = 1
T

∑T
t=1 x(T ) satisfies E[f(x̂)− f(x∗)] ≤ ρ2

λT
(1 + log(T )).

We study each of the three conditions in Lemma 12 above, before wrapping up
with the overall analysis.

7.4.3.1 Strong Convexity

To show convergence of stochastic gradient descent on ℓ, we require strong
convexity such that the optimum of ℓ is unique. Specifically, we need to show:
∇2ℓ(µ) ⪰ βI for some parameter β > 0 such that the probability mass is at least a
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constant. Once we proved the strong convexity, we can apply projected stochastic
gradient descent (PSGD) to recover the parameter µ.

Lemma 13 (Strong Convexity with Missing Entries). Given our missingness model
and assumption 7.1.3 with β = c

d
for some integer c ∈ {1, . . . d}, we have that the

function with general covariance ℓ(µ) is λ-strongly convex for λ = αβ/λmax(Σ).

7.4.3.2 Bounded Step Variance and Gradient Bias

In this section, we analyze Algorithm 12, SampleGradient with an illustration of
the relationship between convex sets appeared in this section is available in Fig. E.2.
We first study the distribution of z(M), which then will allow us to show an additive
approximation guarantee for the output of the algorithm.

Theorem 7.4.2. Assume ∥µ∗ − µ∥Σ ≤ S. For R = Õ(
√

d + S + log(1/γε)), if
M = poly d, S, 1/γ, 1/ε and η = Θ̃(R2/M), then

dTV(z(M),N (W −1µcond, I)) ≤ ε.

Fix (A, x). Without loss of generality, assume µ∗ = 0.

Corollary 7.4.3. Let ĝ be the output of Algorithm 12 with inputs x̃ and µ and
parameters R, M, η as in Theorem 7.4.2. Also, let g = −Ey∼N (µ,Σ)[Σ−1(y − µ) |
S(y) = A, yA = x]. Then, we have that:

∥E[ĝ]− g∥2 ≤ ε · poly S, d, 1/γ, 1/ε, λmax, 1/λmin (7.4)

Furthermore, we have the following bound

E[∥ĝ∥2
2] ≤ poly d, 1/γ, S, 1/λmin (7.5)

7.5 Discussion and Future Work
In the context of linear-thresholding missingness with a known covariance ma-

trix, we can obtain the mean by initially observing that the set y : S(y) = A ∧ yA = x
is convex for any set A and any x ∈ R|A|. By leveraging the fact (Corollary 2.1 of
[KP77]) that the variance of a Gaussian decreases when conditioned on a convex
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set, we can establish that the Hessian of our likelihood function is positive defi-
nite. This property ensures that our objective function is strongly convex and thus
we can learn the distribution from a MNAR model. However, in scenarios where
the covariance matrix is unknown, recovering the distribution becomes much more
challenging as the Hessian of our likelihood function incorporates a fourth moment.
Thus, we leave this as our future work.
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Chapter 8

Toward Universal Laws of Outlier
Propagation

8.1 Introduction
Anomaly detection plays a crucial role in business, technology, and medicine.

Typical use cases range from fraud detection in finance and online trading [Don04],
performance drops in manufacturing lines [STB17] and cloud computing applica-
tions [Gan+21; Ma+20; Har+23], health monitoring in intensive care units [Mas+16],
to explaining extreme weather and climate events [ZSA22]. It has motivated a vast
effort towards developing methodologies relevant to outlier analysis. As example,
we refer the reader to some of the early works in statistics and computer science
[Fre95; RW96; RL03; Agg17]. In complex systems, an anomaly will typically cause
a large cascades of related anomalies [Pan+22]. In order to mitigate them, it is not
sufficient to merely detect the anomalies; we must also identify which of the anoma-
lies was the root cause [Bud+22; Ikr+22; Li+22; Har+23; Wan+23b; Wan+23a].
Thus, we implicitly face the counterfactual question of what conditions could have
been different to prevent the (usually undesired) anomalous event.

To render a complex system accessible to human understanding, we begin with a
causal model of its relevant mechanisms, specifying not only their default behavior,
but also their behavior under modifications called interventions. Such a model
should be modular in two respects. First, we may want to understand the causal
pathway, along which a perturbation of any part of the system propagates through
its components until it generates the event. Second, we want to “blame” some
component(s) of the system, while acknowledging that others worked as expected.
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Causal Bayesian networks offer a framework that supports both kinds of modular
description, specifying causal relations via a directed acyclic graph (DAG) G with
random variables X1, . . . , Xn as nodes [Pea09; PCR93]. Under the causal Markov
condition [Pea09], the joint distribution factorizes according to

P (X1, . . . , Xn) =
n∏

i=1
P (Xj | Paj), (8.1)

where Paj denotes the parents of Xj in G, i.e., its direct causes. We will think
of each conditional distribution P (Xj | Paj) as an independent mechanism of the
system, which can in principle be changed or replaced without changing the others
(see 2.1 and 2.2 in [PJS17] for a historical overview). Following this modular view,
our root cause analysis will assume that in the case of an anomalous observation,
most of the mechanisms worked as expected; thus, the anomaly can be blamed on a
small number of mechanisms that act as root causes, in alignment with [Sch+21]’s
“sparse mechanism shift hypothesis”.

To our knowledge, [Bud+22] provide the most elaborate formalization of the
idea of attributing anomalies to mechanisms. We develop our concepts starting
from this baseline.

8.1.1 Outlier scores from p-values

To quantitatively attribute an anomalous event to upstream nodes, [Bud+22]
first introduce what they call an Information Theoretic (IT) outlier score1 via

λτ (x) := − log P (τ(X) ≥ τ(x)), (8.2)

where x denotes an observation of the random variable X, and τ : X → R is an
appropriate feature statistic, whose choice we discuss later.

λτ can be viewed as a statistical test of the null hypothesis that x was sampled
from P : setting the base of the logarithm to 2 yields the p-value 2−λτ (x). A small p-
value (or large λτ ) corresponds to an unusual sample under P , which can be labeled
an outlier. Since x is a single observation, anomaly scoring thus reduces to classical
hypothesis testing on a sample size of 1 [She20; Vov20]2.

1While [Bud+22] use the natural base e, we use base 2 logarithms to align with binary program
lengths in algorithmic information theory. In effect, we express the outlier score in units of bits
[Fra05].

2Note that [TPS12] discuss anomalies as change points over multiple observations, whereas
we focus on anomalies confined to an individual observation.
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8.1.2 Quantitative root cause analysis in causal Bayesian
networks

To quantitatively attribute an anomalous observation (x1, . . . , xn) to different
mechanisms, where each xj represents a value of the corresponding variable Xj, the
arXiv version of [Bud+22] define conditional outlier scores:

λτ (xj | paj) := − log P (τ(Xj) ≥ τ(xj) | Paj = paj).

They demonstrate that this score can be equivalently interpreted as measuring
the anomalousness of the noise term3. The feature functions τj can be node-specific,
which is essential when the variables Xj have different characteristics (e.g., different
dimensionality or data types). When the specific choice of τ is not crucial for the
discussion, we will simplify notation by dropping the subscript. The arXiv version
of [Bud+22] extends this framework by introducing a joint outlier score through
“convolution”:

λ(x1, . . . , xn) :=
n∑

j=1
λ(xj | paj) (8.3)

− log
n−1∑
i=1

(∑n
j=1 λ(xj | paj))i

i!
.

The second term serves as a correction factor that ensures the score maintains the
properties of an IT score, provided that the conditional distributions have densities
with respect to the Lebesgue measure.

8.1.3 Monotonicity of scores

[Oka+24] formalize an intuitive principle about anomaly propagation: unless
the connecting mechanisms themselves are also anomalous, a moderate outlier in
a cause (measured by λ(x1)) should not produce an extreme outlier in its effect
(measured by λ(x2)). This can be demonstrated for the bivariate causal relation
X1 → X2 as follows:

Lemma 14 (Weak IT outliers rarely cause strong ones). If λ are IT scores and X1

is a continuous variable, the following inequality holds:

P (λ(X2) ≥ λ(x2) | λ(X1) ≥ c) ≤ 2c−λ(x2).

3This aligns in spirit with [VMB23], where events are also backtracked by attributing them
to the noise variables.
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In other words, whenever we generate an anomaly x1 randomly from P (X1 |
λ(X1) ≥ c) and then generate X2 via its mechanism P (X2 | X1), the resulting
outlier score is unlikely to be much larger than c. The intuitive reason is that the
probability occupied by events with high scores is much smaller than that of a given
event having a lower score.

Note that there is no statement for any single x1 – some of them may generate
outliers that are higher with large probability – but “most” of them do not. The
reason that we cannot make any statement about particular values is crucial for
the present paper, because it shows how independence of mechanisms comes into
play: whenever one chooses, on purpose, an x1 such that it results in a large outlier
downstream, there is no reason that this particular x1 needs to have high outlier
score. One can easily think, for instance, of the deterministic relation X2 = f(X1),
where f is a highly non-linear function that results in rather anomalous values x2

for some tiny region of values x1 which are not anomalous.

8.1.4 Limitations of current approach

Rigid definition of outliers λτ defines outliers in terms of a feature statistic τ

that is chosen in advance. Sometimes, we only know what makes a sample abnormal
after seeing it, so we would like to be able to choose τ with hindsight. For example,
suppose P is univariate Gaussian. It seems natural to define τ(x) := |x−µ|, so that
the anomaly detector flags extremely high or low values. However, we might also
like to flag observations such as x = 0 or x = µ: while such x may lie in a region
of high density, the probability of obtaining such a specific value is zero under P .
Although any other value has also probability zero, one may agree that observing
x = 0 and x = µ would be surprising because these values are special (in a sense
specified later).

As another example, suppose each component of a multivariate observation x is
the reading of a different sensor. The signal transmission from all d sensors may be
broken in such a way that all components equal to the same constant “idle” state
c. Such coincidences also indicate an unusual event.

[Agg16] describe a broad variety of different outliers beyond the above toy ex-
amples: These can be unusual frequencies of words in text documents [MN20], un-
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expected patterns in images [Yak+21], unusually large cliques in graphs [Hoo+16],
or points lying in low density regions [Bre+00].

No general decomposition rule While Equation 8.3 nicely decomposes the
joint outlier score into mechanism-specific conditional scores, a key limitation is that
this decomposition relies on defining the joint score based on a sum of conditional
scores. This does not imply that any reasonable outlier score (e.g., using a generic
feature function τ) for the joint observation can be decomposed in this manner.

8.1.5 Our contributions

The contribution of this paper is purely conceptual. We do not propose another
outlier detection or root cause analysis method, but instead provide a theoretical
framework for calibrating and interpreting outlier scores. The framework ensures
that outlier scores meet three critical criteria: (i) Comparability across diverse prob-
ability spaces and data modalities. (ii) Non-increasingness along causal chains of
downstream effects, regardless of variable modalities. (iii) Well-defined attribution
of joint system outlier scores to anomalies of mechanisms.

Our ideas were guided by the following general working hypothesis, which we
believe applies far beyond the subject of this paper:

Principle 8.1.1 (Information Theory as a Guide). Good information theoretic con-
cepts enable many nice theorems, but they are often hard to work with in practice.
However, together with distributional assumptions (e.g. Gaussianity) they can boil
down to simple concepts (e.g. linear algebraic expressions). The resulting formulae
may be valid and useful beyond the distributional assumptions (e.g. by virtue of
linear algebra).

While Shannon information is sometimes hard to estimate from small sample
sizes, algorithmic information is even worse: Kolmogorov complexity is not even
computable. Furthermore, its identities hold only up to machine-dependent addi-
tive constants. Therefore, we owe it to the reader to show that our algorithmic
information theoretic concepts trigger insights that can be applied in practice, as
we will try in Section 8.5.
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The paper is structured as follows. Section 8.2 describes concepts from statis-
tics, information theory, and causality that we build upon. Section 8.3 derives the
decomposition, and Section 8.4 shows that the joint score is non-increasing under
marginalization. Section 8.5 discusses simple examples and Section 8.6 a toy exper-
iment. For a cleaner exposition, we defer some formal proofs and definitions to the
supplementary material.

8.2 Key ingredients

8.2.1 Statistical testing with e-values instead of p-values

While p-values are the most famous measure of evidence in statistical testing,
e-values are recently gaining popularity for their superior ability to aggregate evi-
dence across multiple tests [RW24]. These values are inconsistently scaled in the
literature, with e-values being comparable to reciprocals of p-values and exponen-
tials of algorithmic randomness scores. To remove any obfuscation coming from
scaling conventions, we introduce the following definitions.

Definition 8.2.1. A probability-bounded test (p-test) in ratio form is a statistic
Λ : X → [0,∞] satisfying ∀ε > 0, P (Λ(X) ≥ 1/ε) ≤ ε. An expectation-bounded test
(e-test) in ratio form is a statistic Λ : X → [0,∞] satisfying EX∼P (Λ(X)) ≤ 1.

We say a statistic Λ : X → [0,∞] is a p-test (or e-test) in probability form, if 1/Λ
is a p-test (or e-test) in ratio form. Note that what is commonly called a “p-value”
is a p-test in probability form, satisfying Λ(X) ≤ ϵ with probability at most ϵ. In
contrast, what the literature calls an “e-value” is an e-test in ratio form.

Similarly, a statistic λ : X → [−∞,∞] is a p-test (or e-test) in log form, if 2λ is
a p-test (or e-test) in ratio form. Our convention is to use lowercase symbols like λ

to indicate log form.
By Markov’s inequality, every e-test is also a p-test. Conversely, [VW21] describe

a number of ways to calibrate any given p-test into an e-test. For more details on
tests, see Appendix F.1 in the supplementary material.

p-tests provide a straightforward way to control the Type I error rate, i.e., false
positives. To ensure that samples from P are labeled as anomalies at a rate no
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larger than a desired threshold ϵ, we flag only those samples whose p-test scores are
above 1/ϵ (i.e., below ϵ when expressed in probability form).

Since every e-test is also a p-test, e-tests also achieve this false positive rate;
however, they are more conservative. In return, e-tests offer many advantages
related to composability and optional stopping [GHK20; Ram+23; RW24], and we
will find them more convenient for decomposing anomaly scores by mechanism.

8.2.2 Basic notions from algorithmic information theory

The intuition behind universal tests is that an observation is anomalous pre-
cisely when it is more compressible than usual for the underlying random process.
To formalize description lengths, we fix a universal prefix-free Turing machine. The
conditional Kolmogorov complexity K(x | y) is the bit length of the shortest pro-
gram p that outputs x when given access to another string y [LV97]. It satisfies the
Kraft inequality ∑x 2−K(x|y) < 1. When y is an empty string, we write K(x). Just
as Shannon’s entropy measures information content for a probability distribution,
K(x) measures it for an individual sample x.

Using a standard prefix-free encoding of n-tuples, [LV97] also define the joint
Kolmogorov complexity K(x1, . . . , xn). By analogy with Shannon’s mutual informa-
tion, they define the algorithmic mutual information between x and y, conditional
on z∗, by

I(x : y | z∗) := K(x | z∗) + K(y | z∗)−K(x, y | z∗)
+= K(x | z∗)−K(x | (y, z)∗).

Here, z∗ denote a shortest program that outputs z, and += denotes equality up to a
constant dependent on the universal machine, but not on x or y4. We say x and y

are conditionally independent, given z, if I(x : y | z∗) += 0.

8.2.3 Universal tests

A Martin-Löf or Levin test (i.e., semicomputable p-test or e-test, respectively)
can be thought of as combining all computable anomaly scoring algorithms, in

4Note that x∗ contains more information than x, because x is easily generated from x∗ but
not vice versa. Conditioning on x instead of x∗ would result in error terms that are often constant,
and at worst logarithmic in the length of x [Gác21].
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order to detect the broadest possible variety of anomalies. Appendix F.2 in the
supplementary material contains full details; here we give a brief overview.

Definition 8.2.2 (Domination property). For two statistical tests λ1 and λ2 ex-
pressed in log form, we say λ1 dominates λ2 if there exists a constant c ∈ R such
that for all observations x in the sample space,

λ1(x) ≥ λ2(x)− c.

Intuitively, this means λ1 can detect at least all the anomalies that λ2 can detect,
up to a constant term.

The domination property provides a natural way to compare the power of dif-
ferent statistical tests. The class of semicomputable tests contains a universal test
that dominates all the others:

Theorem 8.2.3 (Universality of randomness deficiency). Let X be a discrete space
that can be interpreted as a subset of {0, 1}∗ in a canonical way, and P be a com-
putable probability distribution on X (i.e., with finite description length). Then, the
randomness deficiency of x ∈ X , defined by

δ(x) := − log P (x)−K(x | P ∗), (8.4)

is a universal e-test, dominating all other semicomputable e-tests.

The intuition behind Eq. (8.4) is that typical samples from a distribution P are
optimally compressed by encodings of length − log P (x). When a sample x can be
compressed beyond this theoretical limit, we consider it “anomalous”. This includes
the case where we observe x = 0 from a discretized centered Gaussian distribution.
Despite being the mode of the distribution, 0 is considered anomalous because
its negative log-likelihood − log P (x) is substantially larger than its Kolmogorov
complexity K(0) += 0.

Note that when a distributional estimate P̂ is inferred from data, the “recon-
struction loss” − log P̂ (x) can be used as an outlier score [Bis93]. Without further
considerations, this score is not calibrated because there may be a huge region with
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low density, and thus all low density points together may still be likely. However, if
the term K(x | P ∗) is also small, we know that x is special within this huge set.5

Example 1 (Uniform distribution). When P is uniform over all 2d binary strings of
length d, (8.4) becomes δ(x) = d−K(x | P ∗) += d−K(x | d), measuring the degree
to which x is compressible.

8.2.4 Algorithmic Markov condition and independence of
mechanisms

Our goal is to demonstrate how the randomness deficiency decomposes across
causal mechanisms in a Bayesian network, subject to postulates that connect algo-
rithmic information theory to causality. To achieve this, we establish a theoretical
framework based on fundamental postulates.

[JS10] propose an adaptation of Equation 8.1 that characterizes algorithmic de-
pendencies between individual objects, rather than statistical dependencies between
random variables:

Postulate 8.2.4 (Algorithmic Markov condition). Let x1, . . . , xn be binary words
describing objects whose causal relations are given by the DAG G. Then the joint
complexity of (x1, . . . , xn) decomposes as

K(x1, . . . , xn) +=
n∑

j=1
K(xj | pa∗

j).

Furthermore, for any three sets R, S, T of nodes, we have

I(R : S | T ∗) += 0,

whenever R and S are d-separated by T .

[JS10] argue that within a causal Bayesian network, where nodes represent ran-
dom variables, the mechanisms PXj | Paj

constitute independent information-bearing
objects. Given m observations of n-tuples (x1

1, . . . , x1
n), . . . , (xm

1 , . . . , xm
n ), they define

a DAG Gm that connects the n mechanisms PXi| Pai
with the n×m observations in

5Note that conformal p-values [Bat+21] do not require any parametric assumptions or density
estimation, since their coverage guarantees rely on exchangeability alone. However, statements
on conditional coverage [Bar+19] are too weak for our purpose of calibrating conditional outlier
scores.
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the following way: Each xl
i has the observations pal

i and the node PXi| Pai
as parents,

formalizing the idea that the mechanisms PXi| Pai
also determine how the parents

in G influence the respective observation. Fig. 8.1 shows Gm for the DAG X → Y .
For our purpose, it is sufficient to consider G1, where we have only one observation
xj from each node Xj in G. Accordingly, we construct G1 from G as follows: replace
each variable Xj with its observation xj, and make PXj | Paj

a parent of Xj. Each
PXj | Paj

becomes a root node, and these are the only root nodes in G1. This place-
ment of PXj | Paj

as root nodes (and thus algorithmically independent) formalizes
the Independence of Mechanisms6. Applying the algorithmic Markov condition to
G1 yields:

Lemma 15 (Conditional irrelevance of other mechanisms and predecessors when
parents are given). Let X1, . . . , Xn be causally ordered. Given its parents paj and
the mechanism PXj |Paj

, none of the other mechanisms (PXi|Pai
)i ̸=j and none of the

causal predecessors (xi)i<j enable further compression of xj. That is,

xj ⊥⊥ (xi)i<j, (PXi|Pai
)i ̸=j | (paj, PXj |Paj

)∗.

8.3 Decomposition of Randomness Deficiency
We start by presentation the decomposition of randomness deficiency in the

bivariate case. Specifically, consider the DAG X → Y between a cause X and
its effect Y . Extending Eq. (8.4) with each distribution’s shortest representation,
define the joint randomness deficiency of outcomes (x, y) with respect to PX,Y by

δ(x, y) := − log P (x, y)−K(x, y | (PX,Y )∗), (8.5)

and the conditional randomness deficiency by

δ(y | x) := − log P (y | x)−K(y | (x, PY |X)∗). (8.6)

Lemma 16. (Decomposition of randomness deficiency for a cause-effect pair) For
any two random variables X → Y (i.e., X being the cause of Y ), and for specific

6[JS10] call the algorithmic independence of different PXj |Paj
Independence of Mechanisms.

Here we prefer using this term for the underlying idea of representing them as root nodes.
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x1

xm

y1

y2

ym

PY |X

. . . . . .

Figure 8.1: x1, . . . , xm sampled from PX , y1, . . . , ym sampled from PY |X .

observations x and y, the following equality holds under Postulate 8.2.4 for the DAG
in Fig. 8.1:

δ(x, y) += δ(x) + δ(y | x)

The proof relies on Lemma 15, and is provided in Appendix F.3 of the supplemen-
tary.
The following example shows why causal assumptions are needed for randomness
deficiency to be additive.

Example 2 (No additivity without Independence of Mechanisms). Let X = Y =
{0, 1}d and PX be the uniform distribution. Furthermore, let PY |X be the determin-
istic mechanism

P (y | x) = 1 iff y = x⊕ x0,

where ⊕ denotes bitwise XOR and x0 is an algorithmically random string with
K(x0) = d. The mechanism PY |X being deterministic implies that we always have
δ(y | x) += 0.

Consider an input x = x0 that violates the conditional independence relation
x ⊥⊥ PY |X | PX . Then, δ(x) += 0 because x is random with respect to PX , but
δ(x, y) += d because (x, y) = (x0, 0d) is a simple function of x0, which is easily
deciphered from PX,Y . Since x is non-generic relative to PY |X , we find that the
randomness deficiency of (x, y) cannot be attributed to x, nor to the mechanism
generating y from x.

We now generalize Lemma 16 to the multivariate case:

Theorem 8.3.1 (Decomposition of multivariate joint randomness deficiency). Let
the set of strings x1, x2, . . . , xn be causally connected by a directed acyclic graph
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G, so that the causal Markov condition holds for Gm. Then the joint randomness
deficiency of all strings x1, x2, . . . , xn decomposes into the conditional randomness
deficiencies of the mechanisms:

δ(x1, . . . , xn) +=
n∑

j=1
δ(xj | paj),

where δ(xj | paj) denotes the randomness deficiency of xj given its parents.

The proof is a simple induction over the number n of nodes according to the
causal ordering. The induction step from n− 1 to n uses Lemma 16 where y := xn

and x is the single multivariate parent x := (x1, . . . , xn−1); see Appendix F.3 in the
supplementary for details.

8.4 Monotonicity of Randomness Deficiency
In particular, Theorem 8.3.1 allows us to draw the following straightforward

conclusion:

Theorem 8.4.1 (Weak anomalies do not cause stronger ones). If there is a unique
root cause j ∈ {1, . . . , n}, in the sense that

δ(xi | pai)
+= 0 for i ̸= j,

and the conditions of Theorem 8.3.1 are met,

then, δ(xi)
+
≤ δ(xj | paj) ∀i ∈ {1, . . . , n}. (8.7)

The proof follows easily from Theorem 8.3.1 together with Corollary 4.1.11 from
[Gác21] which states non-increasingness of δ under marginalization and thus

δ(xi)
+
≤ δ(x1, . . . , xn).

In essence, Equation 8.7 states that none of the nodes displays a randomness defi-
ciency that exceeds the conditional randomness deficiency of the root cause. In a
nutshell, “weak outliers cannot cause strong ones”. – We have thus found an AIT ver-
sion of Lemma 14.7 It is worth noting that [Lev84] (see also [Gác21]) demonstrated

7Hence, in the language of modern resource theories in physics [CFS16], Definition 5.1., an
anomaly is a “resource” and δ a “monotone” measuring its value.
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a similar principle, calling it randomness conservation. It says that the output of
a mechanism cannot exhibit a substantially larger randomness deficiency than the
input - under the condition that the mechanism itself has a constant description
length. In physics, randomness deficiency corresponds to a lack of entropy [Zur89;
Gác94]. Therefore, the second law of thermodynamics amounts to an instance of
randomness conservation [EH25].

In our context, simplicity of mechanisms is generalized by the independence of
mechanisms. Example 2 illustrates why the independence of mechanisms principle
is essential. It describes a scenario where a value y with randomness deficiency
d emerges, yet this deficiency cannot be attributed to either the input x or the
mechanism generating y from x.

8.5 Relation to computable anomaly scores
This section describes simple scenarios in which randomness deficiency boils

down to simple and well-known scores. One may ask why one should start with an
uncomputable concept in the first place to end up with something simple anyway.
The answer is that the properties we have shown for randomness deficiency guide
us in calibrating simple scores, with desirable properties such as decomposition of
joint scores into scores of the mechanisms and monotonicity of scores.

Example 3 (z-score). For a Gaussian variable X ∼ N (µ, σ), the squared z-score
reads z2(x) := (x − µ)2/σ2. At a fixed level of precision, K(x | P ∗)

+
≤ 2 log |x − µ|.

Substituting the log likelihood

− log P (x) = log
√

2πσ + log e

2
z2(x),

and treating σ as a constant, yields

δ(x)
+
≥ log e

2
z2(x)− 2 log |x− µ|.

Note that while the well-known identity E[z2] = 1 tells us that z2 is an e-value,
the universal e-value 2δ ≈ ez2/2 provides far stronger evidence at the tails. Now we
generalize to n > 1 dimensions:
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Example 4 (Decomposing squared Mahalanobis distance). The randomness defi-
ciency of a random vector x ∈ Rn, drawn from a centered Gaussian, satisfies

δ(x)
+
≥ log e

2
xT Σ−1

X x−O(log ∥x∥∞),

where ΣX denotes the covariance matrix and n is treated as a constant. The leading
term is (log e)/2 times the squared Mahalanobis distance (M-distance, for short).

Let X be generated by a causal Bayesian network with linear structural equa-
tions X = AX + N, where A is strictly lower triangular and Ni are independent
noise variables with variance σ2

i . Using transformation N = (I −A)X, we obtain a
diagonal form

xT Σ−1
X x =

n∑
i=1

n2
i

σ2
i

.

For large ni, the expression n2
i /σ2 is roughly proportional to the randomness de-

ficiency of the mechanism P (Xi | PAi). Hence, decomposition of randomness de-
ficiencies translates asymptotically into decompositions of the squared M-distance
(as used for multivariate anomaly detection [Agg16]) into z2-scores. Further, M-
distance is non-increasing with respect to marginalization to a subset of variables
(see Appendix F.5 in the supplementary), resembling the monotonicity of random-
ness deficiency.

Example 4 supports Principle 8.1.1: a conservative bound on the randomness
deficiency provides us with a computable e-value, as a function of the z2-scores.
Moreover, the conclusion that the z2-score of any variable cannot exceed the sum
of all these “noise scores” still holds, because our reasoning above is entirely based
on linear algebra.

The following example shows that root causes may have smaller marginal ran-
domness deficiency than their downstream effects. In particular, while a root cause
may have a low outlier score, its conditional outlier score can be substantially higher.
This discrepancy can then result in a downstream outlier whose score is larger than
the score of the root cause, but not larger than the conditional score of the root
cause.

Example 5 (Root cause with small marginal score). With Ni ∼ N (0, 1), consider
the three-node model

X1 := N1,
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X2 := 2X1 + N2,

X3 := X1 −X2 + N3.

Then, X2 ∼ N (0,
√

5). Suppose n1, n3 take on typical values, while n2 is anoma-
lously large. Then, the marginal randomness deficiency δ(x2) increases with n2

2/5,
while the conditional randomness deficiency δ(x2 | x1) increases with n2

2/1 (where
we’ve ignored the factor of log e

2 from ??). Since X3 ∼ N (0,
√

3), δ(x3) increases
with n2

2/3. Thus, for large perturbations of x2, we have δ(x2) ≪ δ(x3) ≪ δ(x2 |
x1) ≈ δ(x1, x2). Looking only at marginal scores, it would seem as though x2

caused a stronger outlier x3. Nonetheless, δ(x3)
+
≤ δ(x2 | x1) in agreement with

Theorem 8.4.1.

This paradox resembles Example 2.1 in [Li+24], where it is phrased in terms
of z2-scores. Following Principle 8.1.1, we can describe it entirely in terms of M-
distances (which are just z2-scores in the one-dimensional case): the M-distance of
x3 can be larger than the M-distance of its root cause x2, but not larger than the
M-distance of the pair (x1, x2), i.e., the full cause of x3. In other words, to fully
quantify the anomaly introduced by perturbing x2, we must also account for the
destroyed coupling between x1 and x2, not only for the size of the value x2 itself.

The insight from algorithmic information theory is that the anomaly scores of
the vector (x1, x2) and the scalar x3 are indeed comparable, and also comparable
to the conditional score of x2 given x1, because their calibration was guided by the
randomness deficiency.

In the following example, which could be easily generalized to words over an
arbitrary alphabet, randomness deficiency essentially boils down to relative entropy:

Example 6 (m-bit binary word). Let us first consider an m-bit word whose bits are
set to 1 independently with probability p. Counting the number of words w with
fixed Hamming weight ℓ yields the lower bound

δ(w)
+
≥ −ℓ log p− (m− ℓ) log(1− p)− log

(
m

ℓ

)
−O(log m).

Using Stirling’s approximation log m! = m log m−m log e+O(log m), one can show
that

δ(w)
+
≥ m ·DKL

(
ℓ

m
∥p
)
−O(log m), (8.8)
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with the binary Kullback-Leibler distance

DKL (q∥p) := q log q

p
+ (1− q) log 1− q

1− p
.

Here we see that words with unexpectedly low or unexpectedly Hamming weight
are both assigned high outlier scores, enabling us to compare both types of outliers.
This works despite the probability mass function being monotonic in the Hamming
weight ℓ.8

Many works [Agg16; Ako+12; NC03] propose detecting anomalies by compres-
sion, but consider anomalies that have higher compression length than usual, seem-
ingly in conflict with the randomness deficiency which flags low compression lengths.
Example 6 resolves this paradox: for p < 1/2, any word with K(w) > m ·H(p) must
have Hamming weight larger than mp. Accordingly, its randomness deficiency is
bounded from below by Equation 8.8. Hence, paradoxically, an unusually high com-
pression length also implies non-zero randomness deficiency, because it entails an
increase of the log likelihood term that outweighs the observed increase in compres-
sion length.

More sophisticated notions of anomalies can be obtained, for instance, when
X is graph-valued and an anomaly is given by large cliques [Agg16] – e.g. when
fraudsters work together frequently on illegal activities, their communication is
densely connected. To estimate the random deficiency of a graph G with a clique
of size k, it suffices to define a probability distribution on the set of graphs with m

nodes, and bound a graph’s description length by counting the number of graphs
with cliques of size k.

8.6 Experiment with Lempel-Ziv Compression
So far we have accounted for the term K(x | P ∗) only by very rough upper

bounds rather than trying to approximate it. Here we describe a toy scenario
in which we can detect anomalies using the Lempel-Ziv compression algorithm;
more difficult scenarios may demand more powerful compression algorithms that
are closer to general AI.

8[CT06b], in Section 11.2, call a word “ϵ-typical” when it satisfies DKL
(

ℓ
m∥p

)
≤ ϵ. Their

equation (11.67) finds that such a word occurs with probability at least 1− (m + 1)2 · e−ϵm.
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Consider the causal DAG: X1 → X2 → · · · → Xn, with the structural equations

X1 = N1; Xj = Xj−1 + Nj for j = 2, . . . , n. (8.9)

Moreover, suppose that every Nj for j = 1, . . . , n is drawn from the uniform dis-
tribution on the set of numbers in [0, 1] discretized to d ≫ 1 digits of precision.
By choosing the uniform distribution, the terms − log P (xj | xj−1) become con-
stant; moreover, we have K(xj | (xj−1, P )∗) += K(xj | xj−1). Since the conditional
distribution of each Xj, given its parent, is uniform over the (discretized) interval
[xj−1, xj−1 + 1], the conditional randomness deficiency of xj reads

δ(xj | xj−1)
+= d · log 10−K(xj | xj−1).

Suppose now we inject an anomaly at some node j by setting nj to some numbers
in {0, . . . , 0.9}. As a result, xj and xj−1 now coincide in at most 2 digits, so that
K(xj | xj−1)

+= 0 and δ(xj | xj−1)
+= d · log 10.

Following [SJS10], we approximate K(xj | x∗
j−1)

+= K(xj, xj−1) − K(xj−1) by
R(xj, xj−1)−R(xj−1), where R denotes the length of a compressed encoding using
the Lempel-Ziv algorithm. Whenever nj corrupts to a 1-digit number, Lempel-Ziv
recognizes that xj and xj−1 coincide with respect to all but 1 or 2 digits. Thus,
R(xj, xj−1) ≈ R(xj−1), which lets us infer the randomness deficiency of almost
d log 10.

We conducted experiments to verify our findings for n = 4, with the noise
uniformly drawn from numbers in [0, 1] with d = 10 digits. We randomly chose
one of the 4 nodes as “root cause” and set all but one digit of its noise variables to
zero. To detect the root cause, we selected the label j that minimized Lempel-Ziv
compression length and found the right one in 100 out of 100 runs.

From a theoretical point of view, the example shows that the joint observation
can be anomalous (here in the sense of showing two variables whose digits coincide
largely), although none of the variables show unexpected behaviour with respect to
their marginal distribution. Hence, the root cause can only be found by inspecting
which mechanism behaves unexpectedly.
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8.7 Conclusion and Future Work
Algorithmic randomness deficiency offers a principled and flexible definition of

outliers, without prior specification of the feature that exposes the anomaly. On a
causal Bayesian network, we saw that the randomness deficiency of a joint obser-
vation decomposes along individual causal mechanisms, subject to the Independent
Mechanisms Principle. This allows us to trace anomalous observations back to
their root causes, identifying specific mechanisms that exhibit atypical behavior.
Furthermore, we showed that weak outliers cannot be responsible for producing
strong outliers, thus extending Levins law of randomness conservation. This foun-
dational insight can help calibrating anomaly scores in a way that supports root
cause analysis in complex systems.
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Chapter 9

Conclusion and Future Work

9.1 Summary of Contributions
This thesis developed a unified framework for high-dimensional inference, bridg-

ing the gap between foundational theory and the complexities of real-world data.
The work’s contributions fall into two complementary themes: establishing optimal
performance guarantees under idealized settings and deploying robust methods to
maintain valid inference under data bias.

Part I: Learning, Testing, and Inference from Structured Models (Chap-
ters 3 – 5) This section established a theoretical bedrock by characterizing the
limits of inference on structured models.

• We derived the first general and rigorous identifiability conditions for linear
Andersson-Madigan-Perlman (AMP) chain graph models [WB21b] (Chapter
3), a broad class generalizing linear structural equation models.

• We developed algorithms for learning Gaussian trees and polytrees that achieved
minimax-optimal sample complexity for both distribution learning (in KL di-
vergence) and exact structure recovery [Wan+24] (Chapter 4). The analysis
provided explicit finite-sample guarantees and matching lower bounds, which
were previously missing for the faithful learning setting.

• We introduced a mutual information tester for linear models with optimal
O(1/ε) sample complexity (Chapter 5), demonstrating a novel technique to
bypass the difficult task of direct mutual information estimation.
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• We introduced a principled framework using Algorithmic Information Theory
(AIT) in Chapter 8 to quantify outliers in terms of randomness deficiency
[<empty citation>]. This led to the discovery of universal laws governing
outlier propagation in causal Bayesian networks, allowing anomalies to be
traced back to their root mechanisms.

Part II: Learning, Testing, and Inference from Biased Data (Chapters 6
– 8) Building on the principles of optimal testing and statistical structure, this
section introduced computationally tractable and robust procedures for handling
common data imperfections.

• We provided the first sharp analysis for Gaussian mean testing under trun-
cation (Chapter 6), showing a critical phase transition in complexity that
depends on the relationship between truncation mass ε and accuracy α. Crit-
ically, we demonstrated that knowing the truncation set dramatically reduces
the complexity to Θ(

√
d) across all parameter regimes.

• For learning high-dimensional Gaussians from censored data (Chapter 7), we
provided efficient algorithms for the difficult problem of estimation under
Missing Not At Random (MNAR) settings, including self-censoring and linear
thresholding models.

• We introduced a principled framework using Algorithmic Information Theory
(AIT) in Chapter 8 to quantify outliers in terms of randomness deficiency
[EWJ25]. This led to the discovery of universal laws governing outlier propa-
gation in causal Bayesian networks, allowing anomalies to be traced back to
their root mechanisms.

9.2 Limitations and Future Directions
The following points represent the primary limitations of this work, which also

serve as promising avenues for future research.
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9.2.1 Generalizing Model Assumptions

• Non-Parametric Extension: A core constraint, particularly in Part I, is
the reliance on linear and Gaussian assumptions. A major challenge is ex-
tending the minimax optimality guarantees from Gaussian/linear models to
more complex non-parametric or non-linear model families.

• Robustness to Violations: Future work must explore the stability of our op-
timal algorithms when explicit assumptions, such as tree-faithfulness (Chapter
4) or the log-concavity of noise (Chapter 5), are mildly violated in practice.

9.2.2 The Challenge of Unknown Bias Mechanisms

• Learning the Bias Model: The methods developed in Part II, while robust,
often assume that the nature of the data bias (the truncation set S or the
censoring mechanism) is explicitly known. The next frontier is developing
algorithms that can simultaneously learn the model parameters and infer the
underlying bias mechanism itself, a critical and difficult open problem.

• Unknown Covariance: Specifically in the censored data setting, extending
the robust mean estimation (Chapter 7) to the case where the covariance ma-
trix Σ is unknown remains a significant hurdle, as the log-likelihood function
incorporates a higher-order moment term.

9.2.3 Practical Scalability and Experimental Validation

• Beyond Synthetic Data: The reliance on synthetic data for validation in
several chapters (e.g., Chapter 3) indicates a need for real-world datasets that
can rigorously test the performance of these algorithms.

• Engineering for Scale: While the algorithms are theoretically efficient
(polynomial-time), translating them into practical implementations capable
of handling web-scale or trillion-parameter datasets requires the adoption of
distributed computation strategies.
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• Generalizing Causality Tools: The AIT framework in Chapter 8 should
be extended beyond simple chain structures to include more general graph
types and be applied to real-world anomaly detection systems.

9.3 Concluding Remarks
The contributions of this dissertation provide perspective on the trade-offs be-

tween statistical reliability and computational efficiency in modern data analysis.
By establishing theoretical limits and then building robust methods that respect
those limits, we have advanced both the foundational understanding and the prac-
tical methodology for reliable inference from imperfect, high-dimensional data.
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Appendix A

Supplementary Material - Chapter
3

A.1 Proof of Fact 2.2.9

Proof. It is well-known that [Uhl17] if Cov(X) =

ΣAA ΣAB

ΣBA ΣBB

 : Cov(XA) =

ΣAA, Cov(XB | XA) = ΣBB − ΣBAΣ−1
AAΣAB. On the other hand, it follows from

the properties of Schur complement [Oue81] that: det(Σ) = det(ΣAA) · det(ΣBB −
ΣBAΣ−1

AAΣAB). The result follows.

A.2 Proof of Theorem 3.4.1
Proof. We show that Algorithm 1 recovers the chain graph under the assumptions
of the Theorem 3.4.1. This follows immediately from the following lemma, as it
shows that at every step i, the algorithm chooses as τi a chain component whose
parents are contained in the current A.

Lemma 17. Let A be an ancestral set of chain components, and let P = {v : v ∈
τ ∈ A}. Assume the condition (3.3) above. Suppose τ1 and τ2 are chain components
in C \ A such that Pa(τ1) ⊆ A but Pa(τ2) ̸⊆ A. Then:

d|τ1|

(
E

XP

Cov
Xτ1

(Xτ1 | XP )
)

< d|τ2|

(
E

XP

Cov
Xτ2

(Xτ2 | XP )
)

Proof. Note that τ1 must precede τ2 in the topological ordering π, and hence (3.3)
holds with τ = τ1 and τ ′ = τ2. We invoke the law of conditional covariance (Fact
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2.2.8).

E
XP

Cov
Xτ ′

(Xτ ′ | XP )

= E
XP

E
XPa(τ ′)

[
Cov
Xτ ′

(Xτ ′ | XP , XPa(τ ′)) | XP

]
+

E
XP

Cov
XPa(τ ′)

(
E

Xτ ′
(Xτ ′ | XP , XPa(τ ′)) | XP

)
= E

XP

E
XPa(τ ′)

[
Cov
Xτ ′

(Xτ ′ | XPa(τ ′)) | XP

]
+

E
XP

Cov
XPa(τ ′)

(
E

Xτ ′
(Xτ ′ | XPa(τ ′)) | XP

)
= E

XPa(τ ′)

[
Cov
Xτ ′

(Xτ ′ | XPa(τ ′))
]

+

E
XP

Cov
XPa(τ ′)

(
E

Xτ ′
(Xτ ′ | XPa(τ ′)) | XP

)
The second equality follows from the fact that Xτ ′ is independent of XP , condi-

tioned on XPa(τ ′). Now, note that the second term in the last line above is positive
definite if P does not contain Pa(τ ′). Therefore, using the fact that d|τ ′| is positive
and super-additive:

d|τ ′|

(
E

XP

Cov
Xτ ′

(Xτ ′ | XP )
)

≥ d|τ ′|

(
E

XPa(τ ′)

[
Cov
Xτ ′

(Xτ ′ | XPa(τ ′))
])

+

d|τ ′|

(
E

XP

Cov
XPa(τ ′)

(
E

Xτ ′
(Xτ ′ | XPa(τ ′)) | XP

))

> d|τ ′|

(
E

XPa(τ ′)

[
Cov
Xτ ′

(Xτ ′ | XPa(τ ′))
])

≥ d|τ |

(
E

XPa(τ)

[
Cov
Xτ

(Xτ | XPa(τ))
])

= d|τ |

(
E

XP

[
Cov
Xτ

(Xτ | XP )
])

The third inequality is due to (3.3). The last equality holds since Pa(τ) ⊆ P , and
hence, Xτ is independent of XP \Pa(τ) conditioned on XPa(τ).
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A.3 Non-parametric algorithm
Algorithm 1 can be converted into a finite-sample algorithm, as shown in Algo-

rithm 13. Statistical guarantees can be provided, assuming the following conditions,
analogous to those in [GDA20a].

Algorithm 13: Finite-sample algorithm for learning the topological order
of a chain graph with chain component decomposition C of size t.

Input : X(1), . . . , X(n), η > 0
1 A, P ← ∅;
2 i← 0;
3 while |A| ̸= t do
4 Randomly split the samples in half;
5 For each τ ∈ C \ A, use the first half of samples to estimate E[Xτ | XP ]

via a nonparametric estimator F̂τ,P (XP );
6 For each τ ∈ C \ A, use the second half of samples to get:

σ̂2
τ,P = det

 1
n/2

n/2∑
i=1

(
(X(i)

τ )⊗2 − F̂ ⊗2
τ,P (X(i)

P )
)

;
7 Set τ ∗ = arg minτ∈C\A σ̂2

τ,P , and let T̂i = {τ ∈ C \ A : |σ̂2
τ,P − σ̂2

τ∗,P | < η};
8 A ← A∪ {T̂i};
9 P ← P ∪ T̂i;

10 i← i + 1;
11 return the ordering (T̂1, . . . , T̂t);

Suppose the DAG on the chain components has a layer decomposition L1, . . . , Lr,
and let Pj = L1 ∪ · · · ∪ Lj−1 with dj = |Pj|.

Condition A.3.1 (Regularity). For all f and all τ /∈ Pj, (a) ∥Xτ∥2 ∈ [0, 1], (b)
Fτ,Pj

: [0, 1]dj → [0, 1]|τ | where Fτ,Pj
(XPj

) = E[Xτ | Pj], (c) Fτ,Pj
∈ L∞([0, 1]dj ), and

(d) ∥Cov(Xτ | Pj)∥F ≤ ζ0 <∞.

Condition A.3.2 (Identifiability). det(ECov(Xτ | XP a(τ))) = σ2 independent of τ .

Condition A.3.3 (Estimator). The estimator F̂ for estimating conditional expecta-
tion E[Y | Z] for joint distributions (Y, Z) satisfies: (i) E[Y | Z] ∈ L∞ =⇒ F̂ ∈ L∞,
and (b) E

F̂
∥F̂ (Z)− E[Y | Z]∥2

2 → 0.
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Condition A.3.4 (Bounded chain component). The size of each chain component is
bounded.

Under these conditions, the proof of Theorem 4.1 in [GDA20a] extends straight-
forwardedly to show that the probability of recovering the topological order on the
chain components goes to 1 with increasing samples if η is chosen appropriately.
The only difference is that one needs to use a bound on the Lipschitz constant of
the determinant function, which follows because of the bounded chain component
condition.

A.4 Proof of Theorem 3.5.1
Proof. For simplicity, suppose that there is a unique topological order τ1 ⪯ τ2 ⪯
· · · ⪯ τm for the components outside P . The proof easily extends to the general
case. Let τ<i = τ1 ∪ · · · ∪ τi−1.

Consider any non-empty1 subset S that is disjoint from P . We claim:

det(Cov(XS | XP ))

=
m∏

i=1
det(Cov(XS∩τi

| XS∩τ<i
, XP )) (A.1)

≥
m∏

i=1
det(Cov(XS∩τi

| XPa(τi))) (A.2)

≥
∏

i:S∩τi ̸=∅
det(Cov(Xτi

| XPa(τi))) (A.3)

≥ det(Cov(Xτ1 | XPa(τ1))) (A.4)

(A.1) is a consequence of Fact 2.2.9. To prove (A.2), we invoke the law of conditional
covariance (Fact 2.2.8):

det(Cov(XS∩τi
| XS∩τ<i

, XP ))

= det(Cov(XS∩τi
| XPa(τi), XS∩τ<i

, XP )

+ Cov(E[XS∩τi
| XPa(τi)] | XS∩τ<i

, XP ))

≥ det(Cov(Xs∩τi
| XPa(τi)))

1The condition that S is non-empty was omitted by error in Algorithm 2. Note that the
minimization over non-empty sets is still a submodular optimization problem.
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The last inequality uses the positive semi-definiteness of covariance matrices and
super-additivity of the determinant. The proof of (A.3) uses Fact 2.2.9 as follows:

det(Cov(Xτi
| XPa(τi)))

= det(Cov(XS∩τi
| XPa(τi)))·

det(Cov(Xτi\S | XS∩τi
, XPa(τi)))

≤ det(Cov(XS∩τi
| XPa(τi)))

using condition (iii) of Theorem 3.5.1. (The last inequality is non-strict because
τi \ S may be empty.) The inequality (A.4) follows from conditions (i) and (ii) of
Theorem 3.5.1.

For (A.4) to be an equality, S must be contained in exactly one component τ .
For (A.3) to be an equality, S must equal τ . For (A.2) to be an equality, the parents
of S ∩ τ = S must be contained in P , and hence S = τ = τ1.

A.5 Performance Evaluation Metrics
We evaluate the performance of each algorithm using the following four metrics:

• The true positive rate (TPR): the ratio of the number of correctly identified
edges in estimated graphs (TP) over total number of edges in true graph
(Pos).

• The false positive rate (FPR): the ratio of the number of incorrectly identified
edges (FP) over total number of gaps (Neg).

• Accuracy (Acc): Acc is defined as the ratio of (TP + TN) over (Pos + Neg).

• Structure hamming distance (SHD): SHD counts the total number operations,
including edge additions, deletions, and reversals, that are needed to convert
the current resulting graph into the true CG.

A.6 Agnostic Learning Experiments
In this section, we explore the learning of non-realizable inputs, where our as-

sumptions in Theorem 3.5.1 do not holds. To do this, we conduct chain graph
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(a) TPR (b) FPR

(c) ACC (d) SHD

Figure A.1: Agnostic learning experiments on chain graph using Algorithm 2. The
plots show the impact on: (a) True Positive Rate (TPR), (b) False Positive Rate
(FPR), (c) Accuracy (ACC), and (d) Structural Hamming Distance (SHD).

experiments by fitting the linear AMP chain graph data generated from the oppo-
site condition of Theorem 3.5.1:

det(Cov(Xτ | XPa(τ))) ≤ 1.

The experiment results are available in Figure A.1. Even the SHD performance is
the best among all other baseline algorithms. The FPR is higher with less nodes
but lower when nodes are more than 30. However, we have the worst ACC. The
TPR of our algorithm also decreases sharply when node number beyond 30.

A.7 DAG synthetic data generation
For our experiments on DAG identifiability, we explored Erdős-Rényi graphs

using the Python package networkx [HSS08]. Our non-zero edge weights are uni-
formly drawn from the range (−2,−1] ∪ [1, 2). Once the graph is generated, the
linear i.i.d. data X ∈ Rn×d (with d variables and sample size n = 1000) is generated
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by sampling the model X = MT X + z, where M is a strictly upper triangular
matrix and z ∼ N (0, σ2). We conduct two sets of experiments where σ follows one
of the following two conditions:

1. The variance for each node is equal and > 1;

2. The variance for each node is uniformly in [0.5, 1.5];

A.8 Identifiability of DAG structures
In previous section, we conduct identifiability algorithms with theoretical guar-

antees for learning linear AMP chain graph models from observational data. Since
DAG is a special case of AMP chain graph models, it is of interest to see when the
variance of each node is equal and > 1, whether Algorithm 2 can successfully iden-
tify the special one-node chain component structure and recover the DAG graph
from observational data. As shown in Figure A.2, our algorithm achieves the high-
est TPR, ACC and the lowest FPR and SHD. Thus, we can identify not only the
general case of AMP chain graph models but also the special case of DAG structures.
This is because when our assumption in Theorem 3.5.1 holds, we can correctly iden-
tify both the partitioning into chain components and the topological order on the
chain components using a polynomial time algorithm based on submodular function
minimization.

A.9 Agnostic learning experiments on synthetic
Bayesian Network

We also evaluate the performance of agnostic learning experiments on DAGs
when the node variance is uniformly in between [0.5, 1.5]. The experiment results
are in Figure A.3. Our algorithm on TPR is relatively better than other baseline
methods. However, we have the highest FPR, SHD, and the lowest ACC among all
other methods. This is because when our condition in Theorem 3.5.1 do not hold,
in the worst case, Algorithm 2 will treat all DAG nodes as one chain component
and thus return an undirected graph.
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(a) TPR (b) FPR

(c) ACC (d) SHD

Figure A.2: Identifiability of DAG structures using Algorithm 2, variance greater
than 1.

A.10 Experiments on Real Bayesian Networks
Besides, we are also interested in evaluating the structure learning performance

of Algorithm 1 over real Bayesian graphs. Experiment results in Figure A.4 report
the performance of the ECOLI70 graph. Figure A.5 report the experiment results
over the MAGIC-NIAB graph. We also compared the performance over MAGIC-
IRRI graph in Figure A.6. Our algorithm performs best among all these three real
Bayesian graphs.
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(a) TPR (b) FPR

(c) ACC (d) SHD

Figure A.3: Agnostic learning experiments on DAGs using Algorithm 2, uniform
variance, variance in [0.5-1.5]

(a) TPR (b) FPR

(c) ACC (d) SHD

Figure A.4: Ecoli70, 46 node Bayesian network
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(a) TPR (b) FPR

(c) ACC (d) SHD

Figure A.5: Magic-niab, 44 node Bayesian network
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(a) TPR (b) FPR

(c) ACC (d) SHD

Figure A.6: Magic-irri, 64 node Bayesian network
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Appendix B

Supplementary Material - Chapter
4

B.1 Comparing structure learning and distribu-
tion learning

Lemma 18. Suppose T ∈ T and P is parameterized using {βk, σ2
k}d

k=1 as Equa-
tion 8.9 according to T . If there exists a constant M > 1 such that for any k ∈ [d],

|βkj| ∈ [M−1, M ], ∀βkj ̸= 0

σ2
k ∈ [M−1, M ] ,

then P is c-strong Tree-faithful to T for some c ≍ 1.

Proof of Lemma 18. Since a directed tree T does not have any v-structures, we
only need to verify adjacency faithfulness in Definition 4.3.2. For any two nodes
connected as j → k, we want to check whether ρ(Xj, Xk |Xℓ) is lower bounded by
some constant for ℓ ∈ V ∪ {∅} \ {j, k}. There are four cases of ℓ to consider, see
Fig. B.1:

• ℓ = ∅: To simplify the notation, we write

Xk = βk ×Xj + ηk

with βk ∈ R and |βk| ∈ [M−1, M ], Var(ηk) = σ2
k. We also write V 2

j :=
Var(Xj) ≥ σ2

j . Hence,

ρ(Xj, Xk) =
βkV 2

j√
V 2

j

√
β2

kV 2
j + σ2

k

= 1√
1 + σ2

k/β2
kV 2

j

≥ 1√
1 + σ2

k/β2
kσ2

j

≳ 1 .
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• ℓ ∈ an(j): Write V 2
j | ℓ = Var(Xj |Xℓ) ≥ σ2

j , hence

ρ(Xj, Xk |Xℓ) =
βkV 2

j | ℓ√
V 2

j | ℓ

√
β2

kV 2
j | ℓ + σ2

k

≥ 1√
1 + σ2

k/β2
kσ2

j

≳ 1 .

• ℓ ∈ de(j): Suppose the directed path from j to ℓ is j → h1 → h2 → . . . →
hq → ℓ, q can be 0, then we can write

Xℓ = b1Xj + u1 ,

with

b1 = βℓ

q∏
i=1

βhi
, u1 = ηℓ + βℓ

q∑
i=1

ηhi

q∏
t=i+1

βht ,

and

ν2
1 := Var(u1) = σ2

ℓ + β2
ℓ

q∑
i=1

σ2
hi

q∏
t=i+1

β2
ht
≥ β2

ℓ σ2
h1

q∏
t=2

β2
ht

.

Xj

· · ·

X
(2)
ℓ

Xk

· · ·

X
(4)
ℓ

· · ·

X
(3)
ℓ

Figure B.1: Four cases of ℓ to verify for c-strong Tree-faithfulness, indicated by the
superscript of Xℓ. The first case is when ℓ = ∅. The second, third and fourth are
when ℓ is the ancestor of j, descendant of j and descendant of k.
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So we have b2
1/ν2

1 ≤ β2
h1/σ2

h1 ≍ 1. The covariance among Xj, Xk, Xℓ is

Cov(Xj, Xk, Xℓ) =


V 2

j βkV 2
j b1V

2
j

∗ β2
kV 2

j + σ2
k b1βkV 2

j

∗ ∗ b2
1V

2
j + ν2

1

 .

Then the conditional covariance is

Cov(Xj, Xk |Xℓ) ∝

ν2
1 βkν2

1

∗ β2
kν2

1 + σ2
kb2

1 + σ2
kν2

1/V 2
j

 .

Therefore,

ρ(Xj, Xk |Xℓ) = 1√
1 + σ2

k

β2
k
× b2

1
ν2

1
+ σ2

k

V 2
j β2

k

≳ 1 .

• ℓ ∈ de(k): Similarly, we can write

Xℓ = b2Xk + u2, Var(u2) = ν2
2 ,

with b2
2/ν2

2 ≲ 1. The covariance among Xj, Xk, Xℓ is

Cov(Xj, Xk, Xℓ) =


V 2

j βkV 2
j b2βkV 2

j

∗ V 2
k b2V

2
k

∗ ∗ b2
2V

2
k + ν2

2

 .

Then the conditional covariance is

Cov(Xj, Xk |Xℓ) ∝

b2
2σ

2
kV 2

j + ν2
2V 2

j βkV 2
j ν2

2

∗ ν2
2V 2

k

 .

Therefore,

ρ(Xj, Xk |Xℓ) = 1√
(1 + σ2

k

β2
k

V 2
j

)(1 + b2
2

ν2
2
σ2

k)
≳ 1 .

In all four cases, ρ(Xj, Xk |Xℓ) ≳ 1, thus c-strong Tree-faithfulness is satisfied with
some c ≍ 1.

Lemma 19. Let A denote some distribution learning algorithm such that given a
tree-structured distribution P , A takes data from P and outputs P̂ with DKL(P∥P̂ ) ≤
ε. If ε ≳ c2, then for any estimator T̂ (P̂ ) for T using solely P̂ ,

inf
T̂ (P̂ )

sup
T ∈T

P is c-strong
Tree-faithful to T

sup
A

Pr(T̂ (P̂ ) ̸= T ) = 1 .
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Proof. We construct T, T ′ ∈ T with different skeletons, and P, P ′ Markov and
strongly faithful to T, T ′ respectively such that DKL(P∥P ′) ≍ c2. In this way, con-
sider the ground truth to be T and P , and supppose A outputs P̂ = P ′. Then
we have DKL(P∥P̂ ) ≤ ε with ε ≍ c2. While P and P̂ = P ′ correspond to differ-
ent structures, thus any estimator using solely P̂ cannot uniformly find the true
structure.

It remains to show the construction: Consider T and T ′ as follows:

X2 X3X1

X4 X5 · · · Xd

Figure B.2: Tree T

X2 X3 X1

X4 X5 · · · Xd

Figure B.3: Tree T ′

Figure B.4: Construction for Lemma 19.

We parameterize P, P ′ as the lower bound construction in Appendix B.3.4:

Xk = βXpa(k) + ηk ,

where β =
√

2c, ηk ∼ N (0, 1) and Lemma 29 makes sure they are c-strong tree
faithful. Now we only need to compute the KL divergence:

DKL(P∥P ′) = E
P

log
∏

k P (Xk | pa(k))∏
j P ′(Xj | pa(j))

= E
P

log P (X3 |X2)P (P2 |X1)P (X1)
P (X1 |X3)P (X3 |X2)P (X2)

= E
P

1
2

(
X2

2 + (X1 − βX3)2 −X2
1 − (X3 − βX2)2

)

= 1
2

(
− β4 + β6 + 2(β2 + β4 − β3)

)

≤ 2β2 = 4c2 ,

which completes the proof.
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B.2 Proofs of Section 4.2

B.2.1 Preliminaries

We first state some useful lemmas. They are well-known results for the con-
centration bound on variances and covariances. For completeness, we provide the
proof below.

Lemma 20 (Guarantees of variance recovery). Suppose X is the random variable
of N(0, σ2) for some σ > 0. Let X(1), . . . , X(n) be the i.i.d. samples of X and σ̂2 be
1
n

∑n
i=1(X(i))2. Then, for any t ∈ (0, 1), we have∣∣∣σ̂2 − σ2

∣∣∣ < tσ2

with probability 1−O(e−Ω(nt2)).

Proof. We first show that the probability of σ̂2 > (1 + t)σ2 is bounded by e−Ω(nt2)

and the other inequality σ̂2 < (1− t)σ2 follows similarly.
Note that

σ̂2 > (1 + t)σ2 ⇔ eλ 1
n

∑n

i=1(X(i))2
> eλ(1+t)σ2 for any λ > 0.

By Markov inequality, the probability of σ̂2 > (1 + t)σ2 is bounded by

E(eλ 1
n

∑n

i=1(X(i))2)/eλ(1+t)σ2 = E(eλ 1
n

X2)n︸ ︷︷ ︸
by i.i.d. assumption

/eλ(1+t)σ2
. (B.1)

Hence, we need to bound the term E(eλ 1
n

X2).

E(eλ 1
n

X2) =
∫ ∞

−∞

1√
2πσ2

eλ 1
n

x2
e− 1

2σ2 x2
dx = 1√

1− 2σ2λ
n

as long as 1
2σ2 −

λ

n
> 0

Moreover, using the inequality 1√
1−x
≤ e

1
2 x+x2 for x < 1

2 , we have

E(eλ 1
n

X2) ≤ e
σ2λ

n
+ 4σ4λ2

n2 as long as 2σ2λ

n
<

1
2

(B.2)

Plugging Equation B.2 into Equation B.1, the probability of σ̂2 > (1 + t)σ2 is
bounded by

(e
σ2λ

n
+ 4σ4λ2

n2 )n/eλ(1+t)σ2 = e− 4σ4λ2
n

+λtσ2 = e− 4σ4
n

(λ− nt
8σ2 )2+ nt2

16

and, by taking λ = nt
8σ2 , it becomes e− nt2

16 .
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Lemma 21 (Guarantees of correlation coefficient recovery). Suppose (X, Y ) is

the random variable of N(0, Σ) for some positive definite Σ =

σ2
x ρxy

ρxy σ2
y

. Let

(X(1), Y (1)), . . . , (X(n), Y (n)) be the i.i.d. samples of (X, Y ) and ρ̂xy be 1
n

∑n
i=1 X(i)Y (i).

Then, for any t ∈ (0, 1), we have

|ρ̂xy − ρxy| < tσxσy

with probability 1−O(e−Ω(nt2)).

Proof. We first show that the probability of ρ̂xy > ρxy +tσxσy is bounded by e−Ω(nt2)

and the other inequality ρ̂xy < ρ− tσxσy follows similarly.
Note that

ρ̂xy > ρxy + tσxσy ⇔ eλ 1
n

∑n

i=1 X(i)Y (i)
> eλ(ρxy+tσxσy) for any λ > 0.

By Markov inequality, the probability of ρ̂xy > ρxy + tσxσy is bounded by

E(eλ 1
n

∑n

i=1 X(i)Y (i))/eλ(ρxy+tσxσy) = E(eλ 1
n

XY )n︸ ︷︷ ︸
by i.i.d. assumption

/eλ(ρxy+tσxσy). (B.3)

Hence, we need to bound the term E(eλ 1
n

XY ).

E(eλ 1
n

XY ) =
∫ ∞

−∞

∫ ∞

−∞

1√
(2π)2(σ2

xσ2
y − ρ2

xy)
eλ 1

n
xye

− 1
2(σ2

xσ2
y−ρ2

xy)
(σ2

yx2−2ρxyxy+σ2
xy2)

dxdy

= 1√
1− 2ρxyλ

n
− λ2∆

n2

as long as σ2
xσ2

y > (ρxy + λ∆
n

)2 where ∆ = σ2
xσ2

y − ρ2
xy

Moreover, using the inequality 1√
1−x
≤ e

1
2 x+x2 for x < 1

2 , we have

E(eλ 1
n

XY ) ≤ e
1
2 ( 2ρxyλ

n
+ λ2∆

n2 )+( 2ρxyλ

n
+ λ2∆

n2 )2
as long as 2ρxyλ

n
+ λ2∆

n2 <
1
2

≤ e
ρxyλ

n
+

λ2σ2
xσ2

y

2n2 +( 2σxσyλ

n
+

λ2σ2
xσ2

y

n2 )2
using ρxy ≤ σxσy and ∆ ≤ σ2

xσ2
y

≤ e
ρxyλ

n
+

19λ2σ2
xσ2

y

2n2 as long as λσxσy

n
< 1 (B.4)

Plugging Equation B.4 into Equation B.3, the probability of ρ̂xy > ρxy + tσxσy

is bounded by

(e
ρxyλ

n
+

19λ2σ2
xσ2

y

2n2 )n/eλ(ρxy+tσxσy) = e−
19σ2

xσ2
y

2n
λ2+tσxσyλ = e

−
19σ2

xσ2
y

2n
(λ− tn

19σxσy
)2+ t2n

38

and, by taking λ = tn
19σxσy

, it becomes e− t2n
38 .
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Corollary B.2.1. Suppose (X1, . . . , Xd) is the random variable of N(0, Σ) for
some positive definite Σ where ρij := Σij and σ2

i := Σii for i, j = 1, . . . , d. Let
(X(1)

1 , . . . , X
(1)
d ), . . . , (X(n)

1 , . . . , X
(n)
d ) be the i.i.d. samples of (X1, . . . , Xd) and

ρ̂jk = 1
n

n∑
i=1

X
(i)
j X

(i)
k and σ̂2

j = 1
n

n∑
i=1

(X(i)
j )2.

Then, when n = Θ( 1
t2 log d

δ
), we have, for all j, k = 1, . . . , d,

|ρ̂jk − ρjk| ≤ tσjσk and
∣∣∣σ̂2

j − σ2
j

∣∣∣ ≤ tσ2
j

with probability 1− δ.

B.2.2 Conditional Mutual Information Tester

In this subsection, we define the conditional mutual information tester used in
our main algorithm.

Suppose (X, Y, Z) is the random variable of N(0, Σ) for some positive definite

Σ =


σ2

x ρxy ρxz

ρxy σ2
y ρyz

ρxz ρxy σ2
z

. WLOG, we can express (X, Y, Z) as

Y = βxyX + ηy

Z = γxzX + γyzY + ηz

for some random variables ηy, ηz where

βxy = ρxy

σ2
x

and

γxz

γyz

 =

σ2
x ρxy

ρxy σ2
y

−1 ρxz

ρyz

 .

Let σ2
y|x be E(η2

y) and σ2
z|x,y be E(η2

z). Recall that the mutual information I(X; Y )
and the conditional mutual information I(Y ; Z | X) are defined (equivalently) as

I(X; Y ) := 1
2

log(1 +
β2

xyσ2
x

σ2
y|x

) and I(Y ; Z | X) := 1
2

log(1 +
γ2

yzσ2
y|x

σ2
z|x,y

)

Let (X(1), Y (1), Z(1)), . . . , (X(n), Y (n), Z(n)) be the i.i.d. samples of (X, Y, Z). Then
we define the empirical mutual information Î(X; Y ) and the empirical mutual in-
formation Î(Y ; Z | X) to be

Î(X; Y ) := 1
2

log(1 +
β̂2

xyσ̂2
x

σ̂2
y|x

) and Î(Y ; Z | X) := 1
2

log(1 +
γ̂2

yzσ̂2
y|x

σ̂2
z|x,y

) (B.5)
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where the ·̂ mark indicates the empirical version of the quantity. Namely,

σ̂2
x := 1

n

∑n
i=1(X(i))2, σ̂2

y := 1
n

∑n
i=1(Y (i))2, σ̂2

z := 1
n

∑n
i=1(Z(i))2,

ρ̂xy := 1
n

∑n
i=1 X(i)Y (i), ρ̂xz := 1

n

∑n
i=1 X(i)Z(i), ρ̂yz := 1

n

∑n
i=1 Y (i)Z(i),

β̂xy := ρ̂xy

σ̂2
x

,

γ̂xz

γ̂yz

 :=

 σ̂2
x ρ̂xy

ρ̂xy σ̂2
y


−1 ρ̂xz

ρ̂yz

 ,

σ̂2
y|x := σ̂2

y − β̂2
xyσ̂2

x and σ̂2
z|x,y := σ̂2

z − γ̂2
xzσ̂2

x − γ̂2
yzσ̂2

y|x.

(B.6)

Note that the above quantities depend on the samples but we will not emphasize
it if the set of samples is clear in the context. Also, it is known that, by the chain
rule of mutual information,

I(X; Y )− I(X; Z) = I(X; Y | Z)− I(X; Z | Y ) (B.7)

Î(X; Y )− Î(X; Z) = Î(X; Y | Z)− Î(X; Z | Y ). (B.8)

From now on, when we have a d-dimensional random variable (X1, . . . , Xd),
we abuse the notations defined in Equation B.6 by replacing x, y, z with i, j, k for
i, j, k = 1, . . . , d.

Lemma 22. Suppose (X1, . . . , Xd) is the random variable of N(0, Σ) for some pos-
itive definite Σ where ρij := Σij and σ2

i := Σii for i, j = 1, . . . , d. Let

(X(1)
1 , . . . , X

(1)
d ), . . . , (X(n)

1 , . . . , X
(n)
d )

be the i.i.d. samples of (X1, . . . , Xd) and γ̂ij, σ̂i|j, σ̂i|j,k be the quantities defined in
Equation B.6 for i, j, k = 1, . . . , d. Then, when n = Θ( 1

t2 log d
δ
), we have, for all

i, j, k = 1, . . . , d,

|γ̂ij − γij| < t
σj|i,k

σi|k
,

∣∣∣σ̂2
i|j − σ2

i|j

∣∣∣ < tσ2
i|j and

∣∣∣σ̂2
i|j,k − σ2

i|j,k

∣∣∣ < tσ2
i|j,k

with probability 1− δ.

Proof. By using Corollary B.2.1 and the definition in Equation B.6, it can be done
by a straightforward calculation.
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Theorem B.2.2 (Conditional Mutual Information Tester). Suppose (X1, . . . , Xd) is
the random variable of N(0, Σ) for some positive definite Σ. Let (X(1)

1 , . . . , X
(1)
d ), . . . , (X(n)

1 , . . . , X
(n)
d )

be the i.i.d. samples of (X1, . . . , Xd) For any sufficiently small ε, δ > 0, if

n = Θ(1
ε

log d

δ
),

the following results hold for all i, j, k = 1, . . . , d with probability 1− δ:

1. If I(Xi; Xj | Xk) = 0, then Î(Xi; Xj | Xk) ≤ ε
100 .

2. If I(Xi; Xj | Xk) ≥ ε, then Î(Xi; Xj | Xk) > 1
20I(Xi; Xj | Xk)− ε

40 .

Combining these two cases, we have

Î(Xi; Xj | Xk) >
1
20

I(Xi; Xj | Xk)− ε

40
.

Proof. By Lemma 22, with Θ(1
ε

log d
δ
), we have the following properties for all

i, j, k = 1, . . . , d with probability 1− δ:

|γ̂ij − γij| <
√

ε

100
σj|i,k

σi|k
,

∣∣∣σ̂2
i|j − σ2

i|j

∣∣∣ <

√
ε

100
σ2

i|j and
∣∣∣σ̂2

i|j,k − σ2
i|j,k

∣∣∣ <

√
ε

100
σ2

i|j,k

(B.9)

We express

Î(Xi; Xj | Xk) = 1
2

log

1 + γ̂2
ij

σ̂2
i|k

σ̂2
j|i,k

 = 1
2

log

1 + γ̂2
ij

σ2
i|k

σ2
j|i,k
·

σ̂2
i|k

σ2
i|k
·

σ2
j|i,k

σ̂2
j|i,k

 (B.10)

We bound each term γ̂2
ij

σ2
i|k

σ2
j|i,k

,
σ̂2

i|k
σ2

i|k
and

σ2
j|i,k

σ̂2
j|i,k

for the cases of I(Xi; Xj | Xk) = 0 and
I(Xi; Xj | Xk) ≥ ε.

We first prove if I(Xi; Xj | Xk) = 0 then Î(Xi; Xj | Xk) ≤ ε
100 . Since I(Xi; Xj |

Xk) = 0, it means that Xi and Xj are independent conditioned on Xk and hence
γij = 0. We have γ̂2

ij

σ2
i|k

σ2
j|i,k

≤ ε
100 . For the term

σ̂2
i|k

σ2
i|k

, we have
σ̂2

i|k
σ2

i|k
≤ 1 +

√
ε

100 by

Equation B.9. For the term
σ2

j|i,k

σ̂2
j|i,k

, we have
σ2

j|i,k

σ̂2
j|i,k

≤ 1
1−

√
ε

100
by Equation B.9. Plugging

these three inequalities into Equation B.10, we have

Î(Xi; Xj | Xk) = 1
2

log

1 + γ̂2
ij

σ2
i|k

σ2
j|i,k
·

σ̂2
i|k

σ2
i|k
·

σ2
j|i,k

σ̂2
j|i,k

 ≤ 1
2

log

1 + ε

100
·

1 +
√

ε
100

1−
√

ε
100

 ≤ ε

100

for any sufficiently small ε > 0.
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We now prove if I(Xi; Xj | Xk) ≥ ε, then Î(Xi; Xj | Xk) > 1
20I(Xi; Xj | Xk)− ε

40 .
Since I(Xi; Xj | Xk) ≥ ε, it means that I(Xi; Xj | Xk) = 1

2 log(1 + γ2
ij

σ2
i|k

σ2
j|i,k

) ≥ ε

and hence γ2
ij

σ2
i|k

σ2
j|i,k

≥ e2ε − 1 ≥ 2ε. We have γ̂2
ij

σ2
i|k

σ2
j|i,k

≥ γ2
ij

σ2
i|k

σ2
j|i,k

−
√

ε
100 ≥ 0. For

the term
σ̂2

i|k
σ2

i|k
, we have

σ̂2
i|k

σ2
i|k
≥ 1−

√
ε

100 by Equation B.9. For the term
σ2

j|i,k

σ̂2
j|i,k

, we have
σ2

j|i,k

σ̂2
j|i,k

≥ 1
1+

√
ε

100
by Equation B.9. Plugging these three inequalities into Equation B.10,

we have

Î(Xi; Xj | Xk) = 1
2

log

1 + γ̂2
ij

σ2
i|k

σ2
j|i,k
·

σ̂2
i|k

σ2
i|k
·

σ2
j|i,k

σ̂2
j|i,k

 ≥ 1
2

log

1 +
(

γ2
ij

σ2
i|k

σ2
j|i,k
−
√

ε

100

)2

·
1−

√
ε

100

1 +
√

ε
100

 .

Note that, for any a, b, we have (a−b)2 ≥ 1
2a2−b2 which implies the term

(
γ2

ij

σ2
i|k

σ2
j|i,k

−

√
ε

100

)2

is larger than 1
2γ2

ij

σ2
i|k

σ2
j|i,k

− ε
100 . Namely, we have

Î(Xi; Xj | Xk) ≥ 1
2

log

1 +
(

1
2

γ2
ij

σ2
i|k

σ2
j|i,k
− ε

100

)
·

1−
√

ε
100

1 +
√

ε
100


≥ 1

2
log

1 + 1
3

γ2
ij

σ2
i|k

σ2
j|i,k
− ε

100


≥ 1

2
log

1 + 1
3

γ2
ij

σ2
i|k

σ2
j|i,k

− ε

40

for any sufficiently small ε > 0. Note that, for any a > 0, log(1+ 1
3a) ≥ 1

10 log(1+a).
Namely, we have

Î(Xi; Xj | Xk) ≥ 1
2

log

1 + 1
3

γ2
ij

σ2
i|k

σ2
j|i,k

− ε

40
≥ 1

20
log

1 + γ2
ij

σ2
i|k

σ2
j|i,k

− ε

40

= 1
20

I(Xi; Xj | Xk)− ε

40
.

B.2.3 Distribution Learning Upper Bounds

In this subsection, we give the formal proof of the upper bounds on the sample
complexity for distribution learning in the non-realizable setting Theorem 4.2.1 and
realizable setting Theorem 5.3.3:
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B.2.3.1 Non-realizable Case

Theorem 4.2.1. Let P be a Gaussian distribution. Given n i.i.d. samples from P ,
for any ε, δ > 0, if n ≳ d2

ε2 log d
δ
, then T̂ returned by Algorithm 5 satisfies

DKL(P ∥ P
T̂
) ≤ min

T ∈T
DKL(P ∥ PT ) + ε,

with probability at least 1− δ.

Proof. Let T ∗ be arg minT ∈T DKL(P ∥ PT ). By Equation 4.4, we express DKL(P ∥ P
T̂
)−

DKL(P ∥ PT ∗) as

DKL(P ∥ P
T̂
)−DKL(P ∥ PT ∗) = −

∑
(W,Z)∈T̂

I(W ; Z) +
∑

(X,Y )∈T ∗

I(X; Y )

Since T̂ is the output of Algorithm 5, we have

∑
(X,Y )∈T ∗

Î(X; Y )−
∑

(W,Z)∈T̂

Î(W ; Z) ≤ 0.

Hence, we have

DKL(P ∥ P
T̂
)−DKL(P ∥ PT ∗)

≤
∑

(W,Z)∈T̂

Î(W ; Z)−
∑

(W,Z)∈T̂

I(W ; Z) +
∑

(X,Y )∈T ∗

I(X; Y )−
∑

(X,Y )∈T ∗

Î(X; Y )

By the definition in Equation B.5 and Corollary B.2.1, we can show that each∣∣∣Î(X, Y )− I(X, Y )
∣∣∣ < ε

d
for all (X, Y ) using O(d2

ε2 log d
δ
) samples. Therefore, we

have

DKL(P ∥ P
T̂
)−DKL(P ∥ PT ∗) < ε.

B.2.3.2 Realizable Case

Fact B.2.3 ([Bha+21]). Let T1 and T2 be two spanning trees on d vertices such that
their symmetric difference consists of the edges E = {e1, e2, . . . , el} ∈ T1 \ T2 and
F = {f1, f2, . . . , fl} ∈ T2 \ T1. Then E and F can be paired up, say ⟨ei, fi⟩, such
that for all i, T1 ∪ {fi} \ {ei} is a spanning tree.
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Theorem 4.2.2. Let T ∗ be a directed tree and PT ∗ be a T ∗-structured Gaussian.
Given n i.i.d. samples from PT ∗, for any ε, δ > 0, if n ≳ d

ε
log d

δ
, then T̂ returned

by Algorithm 5 satisfies

DKL(PT ∗ ∥ P
T̂
) ≤ ε,

with probability at least 1− δ.

Proof. We first consider the edge difference between T̂ and T ∗. By fact C.1.1, we can
pair up the edges in T̂\T ∗ with the edges in T ∗\T̂ such that T ∗∪{(W, Z)}\{(X, Y )}
is also a spanning tree for any (W, Z) ∈ T̂\T ∗ and (X, Y ) ∈ T ∗\T̂ . Let T̂\T ∗ be
{(W1, Z1), . . . , (Wk, Zk)} and T ∗\T̂ be {(X1, Y1), . . . , (Xk, Yk)} such that (Wi, Zi)
pairs up with (Xi, Yi) for i = 1, . . . , k. Because of that, there exists a path in T ∗

from Wi to Zi containing Xi and Yi. Without loss of generality, we assume that the
order of them is Wi ⇝ Xi −− Yi ⇝ Zi in T ∗.

Since T̂ is the output of Algorithm 5, we have
k∑

i=1
Î(Xi; Yi)−

k∑
i=1

Î(Wi; Zi) ≤ 0

by the definition of the maximal spanning tree. We first expand the LHS as
k∑

i=1
Î(Xi, Yi)−

k∑
i=1

Î(Wi, Zi) =
k∑

i=1

(
Î(Xi, Yi)− Î(Xi; Zi) + Î(Xi; Zi)− Î(Wi; Zi)

)

=
k∑

i=1

(
Î(Xi; Yi | Zi)− Î(Xi; Zi | Yi) + Î(Xi; Zi | Wi)− Î(Wi; Zi | Xi)

)
by Equation B.8

=
k∑

i=1

(
Î(Xi; Yi | Zi) + Î(Xi; Zi | Wi)

)
︸ ︷︷ ︸

:=A

−
k∑

i=1

(
Î(Xi; Zi | Yi) + Î(Wi; Zi | Xi)

)
︸ ︷︷ ︸

:=B

.

In other words, we have A ≤ B.
Recall that there exists a path Wi ⇝ Xi −− Yi ⇝ Zi in T ∗ and hence (Xi, Zi) /∈

T ∗ which further implies I(Xi; Zi | Yi) = 0. Similarly, we have I(Wi; Zi | Xi) = 0.
By Theorem B.2.2 with Θ( 1

ε′ log d
δ
) samples, we have

Î(Xi; Zi | Yi) ≤ ε′/100 and Î(Wi; Zi | Xi) ≤ ε′/100 for all i = 1, . . . , k.

Plugging them into each term in B, we can bound B by 2k·ε′/100 ≤ dε′/50. Namely,
we have

A =
k∑

i=1

(
Î(Xi; Yi | Zi) + Î(Xi; Zi | Wi)

)
≤ dε′/50.
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By Theorem B.2.2 with Θ( 1
ε′ log d

δ
) samples, we have

1
20

I(Xi; Yi | Zi)−
ε′

40
≤ Î(Xi; Yi | Zi) and 1

20
I(Xi; Zi | Wi)−

ε′

40
≤ Î(Xi; Zi | Wi)

for all i = 1, . . . , k. In other words,

A ≥ 1
20

k∑
i=1

(I(Xi; Yi | Zi) + I(Xi; Zi | Wi))−
dε′

40

or
k∑

i=1
(I(Xi; Yi | Zi) + I(Xi; Zi | Wi)) ≤

9dε′

10
(B.11)

Now, we can bound DKL(PT ∗ ∥ P
T̂
). We express it as

DKL(PT ∗ ∥ P
T̂
) =

k∑
i=1

I(Xi; Yi)−
k∑

i=1
I(Wi; Zi) =

k∑
i=1

(I(Xi; Yi)− I(Xi; Zi) + I(Xi; Zi)− I(Wi; Zi))

=
k∑

i=1
(I(Xi; Yi | Zi)− I(Xi; Zi | Yi) + I(Xi; Zi | Wi)− I(Wi; Zi | Xi))

Recall that we have I(Xi; Zi | Yi) = 0 and I(Wi; Zi | Xi) = 0. Combining with
Equation B.11, we have

DKL(PT ∗ ∥ P
T̂
) ≤ 9dε′

10

with probability at least 1− δ. By picking ε′ = 10ε
9d

, we conclude our result.

B.2.4 Distribution Learning Lower Bounds

To show the lower bounds, our main idea is to reduce problem B.2.4 defined
below to our problem.

Problem B.2.4. Suppose R(1) and R(2) are two distributions such that DKL(R(1) ∥ R(2)) ≤
δ. Let P be a distribution on m variables where each variable is distributed as ei-
ther R(1) or R(2) uniformly and independently. We are given n i.i.d. samples drawn
from a distribution P . Our task is to determine which distribution the samples are
drawn from correctly for at least 51m/100 variables. Formally, we define

R := {(R1, . . . , Rm) | Ri ∈ {R(1), R(2)}}.
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We pick a distribution uniformly from R and let P = (R∗
1, . . . , R∗

m) be this distri-
bution. Then, our goal is to design an algorithm that takes n i.i.d. samples drawn
from P as input and returns (R̂1, . . . , R̂m) such that R̂i = R∗

i for at least 51m/100
of {1, . . . , m}.

Fact B.2.5. By the standard information-theoretic lower bounds, if n = o(1
δ
), then

no algorithm can solve problem B.2.4 with probability 2/3.

B.2.4.1 Non-realizable Case

We define two distributions Q(1), Q(2) as follows.

Q(1) =



H ∼ N(0, 1)

X ∼ (1 + ε)H + N(0, 1)

Y ∼ H + N(0, 1)

Z ∼ H + N(0, 1)

and Q(2) =



H ∼ N(0, 1)

X ∼ H + N(0, 1)

Y ∼ (1 + ε)H + N(0, 1)

Z ∼ H + N(0, 1)

(B.12)

Also, we define R(1), R(2) to be the corresponding marginal distributions on (X, Y, Z).

Y

H +N (0, 1)

H N (0, 1)

Z

H +N (0, 1)

X(1 + ε)H +N (0, 1)

Figure B.5: R(1)

Y(1 + ε)H +N (0, 1) H N (0, 1)

Z

H +N (0, 1)

XH +N (0, 1)

Figure B.6: R(2)

Figure B.7: The Ω(1/ε2) bound in the non-realizable setting. The underlying graph
is represented with solid lines, while the best estimated tree structure is depicted
with dashed lines.

Lemma 23. Suppose R∗ is one of R(1) and R(2) defined in Equation B.12. For any
small ε > 0, if a direct tree T̂ satisfies

DKL(R∗ ∥ R∗
T̂
) ≤ min

T
DKL(R∗ ∥ R∗

T ) + ε

100
(B.13)
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and R̂ = arg minR∈{R(1),R(2)} DKL(R ∥ R
T̂
), then R̂ = R∗.

Proof. Since there are three variables, there are only three possible tree structures:
T1 = Y −X−Z, T2 = X−Y −Z and T3 = X−Z−Y . Recall that, by Equation 4.4,
we have

DKL(R(1) ∥ R
(1)
T2 )−DKL(R(1) ∥ R

(1)
T1 ) = I(X; Z)− I(Y ; Z) ≥ ε

50
(B.14)

and, similarly, we also have

DKL(R(1) ∥ R
(1)
T3 )−DKL(R(1) ∥ R

(1)
T1 ) ≥ ε

50
(B.15)

DKL(R(2) ∥ R
(2)
T1 )−DKL(R(2) ∥ R

(2)
T2 ) ≥ ε

50
(B.16)

DKL(R(2) ∥ R
(2)
T3 )−DKL(R(2) ∥ R

(2)
T2 ) ≥ ε

50
(B.17)

By Equation B.13, Equation B.15 and Equation B.17, we have T̂ ̸= T3. Namely,
T̂ is either T1 or T2 (WLOG, say T1). By Equation B.13 and Equation B.16, we
have R∗ = R(1). By Equation B.14, we have

DKL(R(1) ∥ R
(1)
T1 ) ≤ DKL(R(1) ∥ R

(1)
T2 )− ε

50
< DKL(R(1) ∥ R

(1)
T2 ) = DKL(R(2) ∥ R

(2)
T1 )︸ ︷︷ ︸

by symmetry

.

Hence, R̂ = R(1) = R∗ by the definition of R̂.

Theorem 4.2.3. Suppose P is an unknown Gaussian distribution. Given n i.i.d.
samples drawn from P . For any small ε > 0, if n = o(d2/ε2), then for any estimator
T̂ , the maximum probability of achieving the required accuracy over a hard family
of distribution P is bounded, such that:

inf
T̂

sup
P ∈P

Pr
(

DKL(P ∥ P
T̂
) ≤ min

T ∈T
DKL(P ∥ PT ) + ε

)
≤ 2/3

Proof. We will prove the statement by reducing problem B.2.4 to our problem. We
first split the d variables into m = d/3 groups of 3 variables and for each group we
select R(1) or R(2) defined in Equation B.12 (replacing ε with ε/d) uniformly and
independently and notice that DKL(R(1) ∥ R(2)) = O(ε2/d2) by a straightforward
calculation. By fact B.2.5, it implies that if n = o(d2

ε2 ) then no algorithm can
determine which distribution the samples are drawn from correctly for at least
51m/100 groups with probability 2

3 .
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Suppose there is an algorithm that takes these n i.i.d. samples as input and
returns a directed tree T̂ such that

DKL(P ∥ P
T̂
) ≤ min

T ∈T
DKL(P ∥ PT ) + ε (B.18)

with probability 2
3 . If we manage to show that we can use T̂ to determine which

distribution the samples are drawn from correctly for 51m/100 groups then it implies
n = Ω(d2

ε2 ).
We construct the reduction as follows. For the i-th group of variables, we con-

sider its subtree T̂i of T̂ and declare R̂i to be the distribution for this group where R̂i

is defined to be arg minR∈{R(1),R(2)} DKL(R ∥ R
T̂i

). To see the correctness, we have
the following. Since each group is independent, Equation B.18 can be decomposed
into

m∑
i=1

DKL(Pi ∥ (Pi)T̂i
) ≤

m∑
i=1

min
Ti

DKL(Pi ∥ (Pi)Ti
) + ε

where Pi is the random pick of R(1) or R(2) for the i-th group. Therefore, at least
51m/100 of the terms DKL(Pi ∥ (Pi)T̂i

)−minTi
DKL(Pi ∥ (Pi)Ti

) ≤ 10ε
m

. By Lemma
23, for these 51m/100 groups, R̂i is correctly determined, i.e. R̂i = Pi and hence
the reduction is completed.

B.2.4.2 Realizable Case

We define two distributions R(1), R(2) as follows.

R(1) =


X ∼ N(0, 1)

Y ∼ (1−
√

ε)X +
√

εN(0, 1)

Z ∼ 1
2X + 1

2N(0, 1)

and R(2) =


X ∼ N(0, 1)

Y ∼ (1−
√

ε)X +
√

εN(0, 1)

Z ∼ 1
2Y + 1

2N(0, 1)

(B.19)

Namely, the underlying graph for R(1) is Y < −X− > Z and the underlying graph
for R(2) is X− > Y− > Z. Both have X− > Y and the only difference is Z.

Lemma 24. Suppose R∗ is one of R(1) and R(2) defined in Equation B.19. For any
small ε > 0, if a direct tree T̂ satisfies

DKL(R∗ ∥ R∗
T̂
) ≤ ε

100
(B.20)

and R̂ = arg minR∈{R(1),R(2)} DKL(R ∥ R
T̂
), then R̂ = R∗.
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X

N (0, 1)

Y

(1−
√

ε)X+
√

εN (0,1)

Z
1
2 X+ 1

2 N (0,1)

R(1)

X

N (0, 1)

Y

(1−
√

ε)X+
√

εN (0,1)

Z
1
2 Y + 1

2 N (0,1)

R(2)

Figure B.8: Realizable setting. The two graphs represent the hard family of distri-
butions P used for the lower bound proof in Theorem 4.2.4.

Proof. Since there are three variables, there are only three possible tree structures:
T1 = Y −X−Z, T2 = X−Y −Z and T3 = X−Z−Y . Recall that, by Equation 4.4,
we have

DKL(R(1) ∥ R
(1)
T2 )−DKL(R(1) ∥ R

(1)
T1 ) = I(X; Z)− I(Y ; Z) ≥ ε

50

Note that DKL(R(1) ∥ R
(1)
T1 ) = 0 and hence

DKL(R(1) ∥ R
(1)
T2 ) ≥ ε

50
(B.21)

Similarly, we also have

DKL(R(1) ∥ R
(1)
T3 ) ≥ Ω(1) ≥ ε

50
(B.22)

DKL(R(2) ∥ R
(2)
T1 ) ≥ ε

50
(B.23)

DKL(R(2) ∥ R
(2)
T3 ) ≥ Ω(1) ≥ ε

50
(B.24)

By Equation B.20, Equation B.22 and Equation B.24, we have T̂ ̸= T3. Namely,
T̂ is either T1 or T2. If T̂ = T1, by Equation B.20 and Equation B.23, we have

DKL(R(2) ∥ R
(2)
T̂

) > DKL(R∗ ∥ R∗
T̂
)

and hence R∗ = R(1). If T̂ = T2, by Equation B.20 and Equation B.21, we have

DKL(R(1) ∥ R
(1)
T̂

) > DKL(R∗ ∥ R∗
T̂
)

and hence R∗ = R(2). By the definition of R̂, both cases imply R̂ = R∗.
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Theorem 4.2.4. Suppose P is an unknown Gaussian distribution such that there
exists a directed tree T ∗ that P is T ∗-structured, i.e. P = PT ∗. Given n i.i.d.
samples drawn from P . For any small ε > 0, if n = o(d/ε), then for any estimator T̂ ,
the maximum probability of success over a hard family of distribution P is bounded,
such that

inf
T̂

sup
P ∈P

Pr
(
DKL(P ∥ P

T̂
) ≤ ε

)
≤ 2/3

Proof. We will prove the statement by reducing problem B.2.4 to our problem. We
first split the d variables into m = d/3 groups of 3 variables and for each group
we select R(1) or R(2) defined in Equation B.19 (replacing ε with ε/d) uniformly
and independently and notice that DKL(R(1) ∥ R(2)) = O(ε/d) by a straightforward
calculation. By fact B.2.5, it implies that if n = o(d

ε
) then no algorithm can

determine which distribution the samples are drawn from correctly for at least
51m/100 groups with probability 2

3 .
Suppose there is an algorithm that takes these n i.i.d. samples as input and

returns a directed tree T̂ such that

DKL(P ∥ P
T̂
) ≤ ε (B.25)

with probability 2
3 . If we manage to show that we can use T̂ to determine which

distribution the samples are drawn from correctly for 51m/100 groups then it implies
n = Ω(d

ε
).

We construct the reduction as follows. For the i-th group of variables, we con-
sider its subtree T̂i of T̂ and declare R̂i to be the distribution for this group where R̂i

is defined to be arg minR∈{R(1),R(2)} DKL(R ∥ R
T̂i

). To see the correctness, we have
the following. Since each group is independent, Equation B.25 can be decomposed
into

m∑
i=1

DKL(Pi ∥ (Pi)T̂i
) ≤ ε

where Pi is the random pick of R(1) or R(2) for the i-th group. Therefore, at
least 51m/100 of the terms DKL(Pi ∥ (Pi)T̂i

) ≤ 10ε
m

. By Lemma 24, for these
51m/100 groups, R̂i is correctly determined, i.e. R̂i = Pi and hence the reduction
is completed.
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B.2.5 Learning Polytrees given Skeleton

In this section, we sketch how to obtain a sample-efficient algorithm for learning
bounded-degree gaussian polytrees by adapting the recent results from [Cho+23],
using the guarantees of the estimator Î, assuming that the skeleton is known. Let
a m-polytree denote a polytree with maximum in-degree m. Our main result in this
section is the following:

Theorem B.2.6. There exists an algorithm which, given n samples from a gaussian
m-polytree P over Rd, accuracy parameter ε > 0, failure probability δ, maximum
in-degree m, and the explicit description of the ground truth skeleton of P , outputs
a m-polytree P̂ such that DKL(P∥P̂ ) ≤ ε with success probability at least 1 − δ, as
long as:

n ≥ Õ

(
d

ε
log 1

δ

)
.

Moreover, the algorithm runs in time polynomial in n and d.

Note that the guarantee in Theorem B.2.6 is entirely independent of any faithfulness
parameter, in contrast to Theorem 4.3.3. The algorithm and its analysis is exactly
the same as in [Cho+23], with the only change being that we use Equation B.5 for
the estimator Î.

B.3 Proofs of Section 4.3

B.3.1 Sample Conditional Correlation Coefficient as CI Tester

PC-Tree relies on sample (conditional) correlation coefficient as (conditional)
independence tester. Specifically, denote the sample covariance matrix to be Σ̂ =
1
n

∑n
i=1 X(i)X(i)⊤, for any two nodes j, k ∈ V and any subset S ⊆ V \ {j, k}, which

could be ∅, the sample correlation coefficient is defined by

ρ̂jk | S := Σ̂jk − Σ̂jSΣ̂−1
SSΣ̂Sk√

(Σ̂jj − Σ̂jSΣ̂−1
SSΣ̂Sj)(Σ̂kk − Σ̂kSΣ̂−1

SSΣ̂Sk)
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Algorithm 14: Orient algorithm
1 Input: Skeleton T̂ , separation sets S

2 Output: CPDAG T̂ .
1. For all pairs of nonadjacent nodes j, k with common neighbour ℓ:

a) If ℓ ̸∈ S(j, k), then directize j − ℓ− k in T̂ by j → ℓ← k

2. In the resulting PDAG T̂ , orient as many as possible undirected edges by
applying following rules:

• R1 Orient k− ℓ into k → ℓ whenever there is an arrow j → k such that
j and ℓ are not adjacent

• R2 Orient j − k into j → k whenever there is a chain j → ℓ→ k

• R3 Orient j − k into j → k whenever there are two chains j − ℓ→ k
and j − i→ k such that ℓ and i are not adjacent

• R4 Orient j − k into j → k whenever there are two chains j − ℓ→ i
and ℓ− i→ k such that ℓ and i are not adjacent

3. Return T̂ as T̂ .

Then the conditional independence tester for hypothesis H0 : Xj ⊥⊥ Xk |XS is given
by a cutoff on the sample correlation coefficient:

Output =


accept H0 if |ρ̂jk | S| ≥ c/2

reject H0 if |ρ̂jk | S| < c/2
. (B.26)

Here the choice of c/2 is for theoretical purpose. Since correlation coefficient is
normalized between [−1, 1], in practice, the tester can be implemented by choosing
a cutoff that is small enough, e.g. 0.05. The analysis of PC-Tree crucially relies on
the following lemma on the estimation error of the sample (conditional) correlation
coefficients:

Lemma 25. Let X ∈ Rd ∼ N (0, Σ), for any j, k ∈ V and any subset S ⊆ V \{j, k}
with |S| ≤ q, δ ∈ (0, 1), if n ≳ q + 1/δ2, then

Pr(|ρ̂jk | S − ρjk | S| ≥ δ) ≤ exp(−C0(n− q)δ2) ,

for some universal constant C0 > 0.

It is clear to see that as long as the (conditional) correlation coefficients are esti-
mated accurately enough, the CI tests are correct due to c-strong Tree-faithfulness.
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Lemma 25 is more general than needed to analyze PC-Tree algorithm. Since
Lemma 25 reveals the dependence on the size of conditioning set S, while PC-Tree

only requires |S| ≤ 1.

B.3.2 Proof of Lemma 25

Lemma 25. Let X ∈ Rd ∼ N (0, Σ), for any j, k ∈ V and any subset S ⊆ V \{j, k}
with |S| ≤ q, δ ∈ (0, 1), if n ≳ q + 1/δ2, then

Pr(|ρ̂jk | S − ρjk | S| ≥ δ) ≤ exp(−C0(n− q)δ2) ,

for some universal constant C0 > 0.

Proof. The proof is a combination of the following lemmas. We start with analyz-
ing sample marginal correlation of bivariate normal distribution, then extend to
conditional correlation.

Lemma 26. Let W = (X, Y ) ∼ N (0, Σ) where Σ =

 σ2
X σXY

σXY σ2
Y

 ∈ R2×2, and

ρ = σXY

σXσY
. Let the sample covariance matrix and correlation be

1
n

n∑
ℓ=1

w(ℓ)w(ℓ)⊤ =

 σ̂2
X σ̂XY

σ̂XY σ̂2
Y

 , and ρ̂ = σ̂XY

σ̂X σ̂Y

.

For δ ∈ (0, 1), if n ≳ 1/δ2, then

Pr(|ρ̂− ρ| ≥ δ) ≤ exp(−C0nδ2) ,

for some constant C0 > 0.

Now look at sample conditional correlation, suppose we want to estimate ρjk | S

with |S| = q′ ≤ q. Recall the sample covariance matrix is Σ̂ = 1
n

∑n
i=1 X(i)X(i)⊤.

Denote I = {j, k}, then the estimator is given by 2× 2 matrix

Σ̂II | S := Σ̂II − Σ̂II,SΣ̂−1
SSΣ̂S,II .

We borrow a classic result regarding the distribution of Σ̂II | S:

Lemma 27 ([And58], Theorem 4.3.4). The sample covariance matrix Σ̂II | S is dis-
tributed as 1

n

∑n−q′

ℓ=1 u(ℓ)u(ℓ)⊤, where {u(ℓ)}n−q′

ℓ=1 are independently distributed according
to N (0, ΣII | S).
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Then applying the bivariate result from Lemma 26 with covariance matrix ΣII | S

and sample size n− q′ ≤ n− q completes the proof.

It remains to prove the lemma used in proof above.

Proof of Lemma 26. Let ZX = X/σX , ZY = Y/σY , then ZX , ZY ∼ N (0, 1) and
ρZX ,ZY

= ρ = Cov(ZX , ZY ) ∈ [−1, 1]. Denote the corresponding samples to be
zX = (z(1)

X , . . . , z
(n)
X ) and zY = (z(1)

Y , . . . , z
(n)
Y ), therefore

ρ̂ = σ̂XY

σ̂X σ̂Y

= σ̂XY /(σXσY )
(σ̂X/σX)× (σ̂Y /σY )

= ⟨zX , zY ⟩
∥zX∥∥zY ∥

.

Then the deviation

|ρ̂− ρ| =
∣∣∣∣∣ ⟨zX , zY ⟩
∥zX∥∥zY ∥

− Cov(ZX , ZY )
∣∣∣∣∣

≤
∣∣∣∣∣ ⟨zX , zY ⟩/n

∥zX∥∥zY ∥/n
− Cov(ZX , ZY )
∥zX∥∥zY ∥/n

+ Cov(ZX , ZY )
∥zX∥∥zY ∥/n

− Cov(ZX , ZY )
∣∣∣∣∣

≤
∣∣∣∣∣ 1
∥zX∥∥zY ∥/n

− 1
∣∣∣∣∣
∣∣∣∣∣⟨zX , zY ⟩/n− Cov(ZX , ZY )

∣∣∣∣∣+
∣∣∣∣∣⟨zX , zY ⟩/n− Cov(ZX , ZY )

∣∣∣∣∣
+
∣∣∣∣∣Cov(ZX , ZY )

∣∣∣∣∣
∣∣∣∣∣ 1
∥zX∥∥zY ∥/n

− 1
∣∣∣∣∣ .

We apply the following lemma to bound the errors:

Lemma 28. If (X, Y ) ∼ N
(

0,

1 r

r 1

) for |r| ≤ 1, then the sample variance

σ̂2
X = 1

n

∑n
i=1 X(i)2, σ̂2

Y = 1
n

∑n
i=1 Y (i)2 and sample covariance σ̂XY = 1

n

∑n
i=1 X(i)Y (i)

have the following bounds: for ζ < 1, if n ≥ 2048 log 7
ζ2 , then

Pr(|σ̂2
X − 1| ≥ ζ) ≤ exp(−nζ2/16)

Pr(|σ̂2
Y − 1| ≥ ζ) ≤ exp(−nζ2/16)

Pr(|σ̂XY − r| ≥ ζ) ≤ exp(−nζ2/2048) .

Using Lemma 28, with probability at least 1 − 3 exp(−nζ2/2048), we have
|∥zX∥2/n− 1| ≤ ζ, |∥zY ∥2/n− 1| ≤ ζ, |⟨zX , zY ⟩/n− Cov(ZX , ZY )| ≤ ζ. Then∣∣∣∣∣ 1

∥zX∥∥zY ∥/n
− 1

∣∣∣∣∣ = |∥zX∥∥zY ∥/n− 1|
∥zX∥∥zY ∥/n

≤ ζ

1− ζ
.
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Choose ζ = δ
3+δ

, then
∣∣∣∣∣ 1

∥zX∥∥zY ∥/n
− 1

∣∣∣∣∣ ≤ δ/3,
∣∣∣∣∣⟨zX , zY ⟩/n− Cov(ZX , ZY )

∣∣∣∣∣ ≤ δ/(3 +

δ) ≤ δ/3. Lastly,

|ρ̂− ρ| ≤ δ

3
× δ

3
+ δ

3
+ δ

3
≤ δ ,

with probability at least

1− 3 exp(−nζ2/2048) = 1− exp
(
− n× δ2

(3 + δ)2 /2048 + log 3
)

≥ 1− exp
(
− n× δ2

16× 2048
+ log 3

)
≥ 1− exp(−C0nδ2) ,

for some constant C0 > 0 as long as n ≳ 1/δ2.

Proof of Lemma 28. We only show variance bound for X. Since σ̂2
X ∼ χ2

n/n, using
the concentration of χ2 distribution, we have

Pr(|σ̂2
X − 1| ≥ ζ) = Pr(|χ2

n − n|/n ≥ ζ) ≤ exp(−nζ2/16) .

Now we show bound for covariance. Since bivariate Gaussian (X, Y ) can be repa-
rameterized by

X = U + W

Y = V + W

where U ,V ,W are mutually independent with Var(U) = Var(V ) = 1− r, Var(W ) =
r. Therefore,

σ̂XY = 1
n

n∑
i=1

U (i)V (i) + 1
n

n∑
i=1

U (i)W (i) + 1
n

n∑
i=1

V (i)W (i) + 1
n

n∑
i=1

W (i)2

= 1− r

2n

[ n∑
i=1

(
U ′(i) + V ′(i)
√

2

)2
−

n∑
i=1

(
U ′(i) − V ′(i)
√

2

)2]

+

√
r(1− r)

2n

[ n∑
i=1

(
U ′(i) + W ′(i)
√

2

)2
−

n∑
i=1

(
U ′(i) −W ′(i)
√

2

)2]

+

√
r(1− r)

2n

[ n∑
i=1

(
V ′(i) + W ′(i)
√

2

)2
−

n∑
i=1

(
V ′(i) −W ′(i)
√

2

)2]
+ r

n

n∑
i=1

W
′(i)2

D∼ 1− r

2n
(χ2

n11 − χ2
n12) +

√
r(1− r)

2n
(χ2

n21 − χ2
n22) +

√
r(1− r)

2n
(χ2

n31 − χ2
n32) + r

n
χ2

n4
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where U ′, V ′, W ′ are standard normal random variables, thus ∑n
i=1(U ′(i)±V ′(i))2/2,∑n

i=1(U ′(i)±W ′(i))2/2, ∑n
i=1(V ′(i)±W ′(i))2/2 are χ2

n random variables. Since r ≤ 1,

Pr(|σ̂XY − r| ≥ ζ) ≤ Pr
(1− r

2
× 1

n
|χ2

n11 − χ2
n12| ≥ ζ/4

)

+ Pr
(√r(1− r)

2
× 1

n
|χ2

n21 − χ2
n22| ≥ ζ/4

)

+ Pr
(√r(1− r)

2
× 1

n
|χ2

n31 − χ2
n32| ≥ ζ/4

)
+ Pr

(
r × |χ2

n41/n− 1| ≥ ζ/4
)

≤ Pr
(
|χ2

n11/n− 1| ≥ ζ/8
)

+ Pr
(
|χ2

n12/n− 1| ≥ ζ/8
)

+ Pr
(
|χ2

n21/n− 1| ≥ ζ/8
)

+ Pr
(
|χ2

n22/n− 1| ≥ ζ/8
)

+ Pr
(
|χ2

n31/n− 1| ≥ ζ/8
)

+ Pr
(
|χ2

n32/n− 1| ≥ ζ/8
)

+ Pr
(
|χ2

n41/n− 1| ≥ ζ/4
)

≤ 7 exp(−nζ2/322) ≤ exp(−nζ2/2048) .

The last inequality holds when n ≥ 2048 log 7/ζ2.

B.3.3 Proof of Theorem 4.3.3

Theorem 4.3.3. For any T ∈ T̃ , assuming P is c-strong tree-faithful to T , applying
Algorithm 4 with sample correlation for CI testing, if the sample size

n ≳ 1
c2

(
log d + log(1/δ)

)
,

then Pr(T̂ = sk(T )) ≥ 1− δ, and Pr(Orient(T̂ , S) = T ) ≥ 1− δ

Proof. We firstly show the correctness of Algorithm 4. We make following notation
of sets of nodes:

• W = {(j, k) : 1 ≤ j < k ≤ d} is the set of all pairs of nodes in [d];

• E is the true edge set;

• A = {(j, k) : j and k are d-separated by ∅};

• B = {(j, k) : ∃ℓ ∈ [d] \ {j, k}, j and k are d-separated by ℓ}
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• C = {(j, k) : ∃ℓ ∈ [d] \ {j, k}, j → ℓ← k is a v-structure}

• D = {(j, k) : ∃ℓ ∈ [d]\{j, k}, j−ℓ−k is a unshielded triple but not a v-structure}

We claim that

1. E and A ∪B are disjoint;

2. W = E ∪ A ∪B;

3. C ⊆ A;

4. D ⊆ B.

It is easy to see the first claim, since for any pair of nodes connected by an edge,
they cannot be d-separated by any set, and vice versa.

For the second claim, it suffices to show that for any pair of nodes not adjacent,
it is in either A or B. First of all, for any two nodes j and k not adjacent, there
will be one and only one path, denoted as ϕ, with length at least two between them.
By property of polytree:

• If there is a collider on ϕ, then the path is blocked by ∅, so (j, k) ∈ A;

• If there is no collider on ϕ, then any node on ϕ will block the path, thus there
exists ℓ ∈ [d] \ {j, k} such that i and j are d-separated by ℓ, so (j, k) ∈ B.

For the third claim, since j → ℓ ← k is the only path between (j, k), which is
blocked by ∅, thus C ⊆ A. For the forth claim, since j − ℓ − k is the only path
between (j, k), either one of j → ℓ → k and j ← ℓ ← k and j ← ℓ → k will be
blocked by ℓ, thus D ⊆ B.

We now claim if the CI tests in Step 2 of Algorithm 4 are correct for

• all pairs (j, k) ∈ E with ℓ ∈ [d] ∪ {∅} \ {j, k};

• all pairs (j, k) ∈ A with ℓ = ∅;

• all pairs (j, k) ∈ C with ℓ being the collider;

• all pairs (j, k) ∈ B with ℓ being the corresponding separation node(s) ,

then
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1. the returned T̂ has the correct edge set E thus is the correct skeleton;

2. for any (j, k) ∈ C, ℓ ̸∈ S(j, k);

3. for any (j, k) ∈ D, ℓ ∈ S(j, k).

For the first claim, if the CI tests conducted in Step 2 are correct for E, then
pairs in E will pass all the CI tests and be included into Ê (which is ensured by
adjacency-faithfulness in Tree-faithfulness). But pairs in A will not pass marginal
independence tests, and pairs in B will not pass some CI tests with correspond-
ing ℓ (which is ensured by Markov property). Therefore, the returned T̂ is the
correct skeleton. The second claim is ensured by orientation-faithfulness in Tree-
faithfulness, and the third claim is ensured by Markov property and D ⊆ B.

Once the returned T̂ is the correct skeleton, Algorithm 14 will use the returned
separation sets to determine v-structure for each possible unshielded triple. Note
that {All unshielded triples} = C ∪D. For any (j, k) ∈ C, ℓ ̸∈ S(j, k), thus it will
be oriented as a v-structure; For any (j, k) ∈ D, ℓ ∈ S(j, k); thus it will remain as
non-v-structure. Then Orient step is correct, which leads to correct CPDAG.

Finally we show the sample complexity of Algorithm 4 with CI tester Equa-
tion B.26. Note that correct CI tests implies correct estimation. Therefore,

Pr(T̂ ̸= sk(T ))

≤ Pr
(
∪ (j,k)∈E

ℓ∈[d]∪{∅}\{j,k} or (j,k)∈A
ℓ=∅ or (j,k)∈C

ℓ=collider or (j,k)∈B
ℓ d-separates (j,k)

|ρ̂ij | ℓ − ρij | ℓ| ≥ c/2
)

≤
(

d

2

)
× (1 + (d− 2))× sup

(j,k)∈E
ℓ∈[d]∪{∅}\{j,k} or (j,k)∈A

ℓ=∅ or (j,k)∈C
ℓ=collider or (j,k)∈B

ℓ d-separates (j,k)

Pr(|ρ̂ij | ℓ − ρij | ℓ| ≥ c/2)

≤ exp(3 log d)× sup
(j,k)∈E

ℓ∈[d]∪{∅}\{j,k} or (j,k)∈A
ℓ=∅ or (j,k)∈C

ℓ=collider or (j,k)∈B
ℓ d-separates (j,k)

Pr(|ρ̂ij | ℓ − ρij | ℓ| ≥ c/2)

≤ exp
(
− C0(n− 1)c2 + 3 log d

)
.

The first inequality is because it suffices to have |ρ̂ij | ℓ − ρij | ℓ| ≤ c/2 for correct CI
test. By c-strong Tree-faithfulness, |ρij | S| ≥ c for ρij | S ̸= 0. Therefore,

ρ̂ij | S > c/2 if ρij | S ̸= 0

ρ̂ij | S ≤ c/2 if ρij | S = 0
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Thus the cutoff = c/2 implies correct CI tests. The last inequality is by Lemma 25
where q = 1 and the sample size requirement is satisfied by the stated sample
complexity. Set RHS to be smaller than δ, we need sample complexity

n ≳ 1
c2

(
log d + log 1

δ

)
,

which completes the proof.

B.3.4 Proof of Theorem 4.3.4

Theorem 4.3.4. Assuming c-strong tree-faithfulness, and c2 ≤ 1/5, d ≥ 4, if the
sample size is bounded as

n ≤ 1− 2δ

8
× log d

c2 ,

then for any estimator T̂ for T ,

inf
T̂

sup
T ∈T̃

P is c-strong
tree-faithful to T

Pr(T̂ ̸= T ) ≥ δ − log 2
log d

.

Proof. We construct a hard ensemble to show the lower bound. The construction is
as follows: consider a subset T ′ ⊂ T ⊂ T̃ , where T ′ is all the directed trees rooted
at the first node k = 1. T ′ has the same cardinality as all undirected trees with
d nodes, and the elements in it have different skeletons and no v-structures. Since
our target is MEC, which is determined by its skeleton and v-structures, we have
at least as many MECs as undirected trees, which leads to cardinality |T ′| = dd−2

using Cayley’s formula. Thus the size of the ensemble is lower bounded as

log |T ′| = (d− 2) log d ≥ 1
2

d log d

The inequality holds when d is large enough, e.g. d ≥ 4. Any directed tree has an
important property: each node has at most one parent. Then we parameterize T ′

as follows

Xk = βXpa(k) + ηk , ∀k ∈ [d] (B.27)

where ηk ∼ N (0, 1) for all k ∈ [d]. Now we determine β > 0 to make sure the
parametrization satisfies c-strong Tree-faithfulness.

In the subsequent lemma, we assert that the condition β2 = 2c2 ≍ c2 is adequate
for the validity of c-strong Tree-faithfulness, provided that c is sufficiently small:
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Lemma 29. If β =
√

2c and c2 ≤ 1/5, then for any T ∈ T ′, the distribution defined
in Equation B.27:

1. is c-strong Tree-faithful to T ;

2. for all k ∈ [d], Var(Xk) ≤ 1 + β2

1−β2 .

It remains to bound the KL divergence between any two instances in this en-
semble. Before that, we claim that for any instance, we have Cov(Xk, Xj) > 0 for
all distinct j, k ∈ [d]. This is because for any pair of distinct nodes (j, k), there can
be 3 possible paths between them:

• There is a directed path j → ϕ1 → · · · → ϕh → k with length h + 1, then
Cov(Xj, Xk) = E[XjXk] = βh+1 E[X2

j ] > 0;

• There is a directed path k → ϕ1 → · · · → ϕh → j with length h + 1, then
Cov(Xj, Xk) = E[XjXk] = βh+1 E[X2

k ] > 0;

• j, k share a common ancestor ℓ and there is a path j ← ϕ1 ← · · · ← ϕh ←
ℓ→ φ1 → · · · → φg → k, then Cov(Xj, Xk) = E[XjXk] = βh+g+2 E[X2

ℓ ] > 0.

To compute the KL divergence between distributions P0 and P1 induced by any
two T0, T1 ∈ T ′, let’s first look at the covariance matrices of them Σ0, Σ1. Under
our parametrization, they share the same determinant. To see this, let covariance
matrix of η be Ση = Id, for ℓ ∈ {0, 1}, det(Σℓ) = det(Ση) = det(Id) = 1. Then the
KL divergence is:

DKL(P0∥P1) = E
P0

log P0

P1

= E
P0

log
exp

(
− 1

2
∑d

k=1(Xk − β paT0(k))2
)

/
√

det(Σ0)

exp
(
− 1

2
∑d

k=1(Xk − β paT1(k))2

)
/
√

det(Σ1)

= 1
2

[
E
P0

d∑
k=1

(Xk − β paT1(k))2 − d

]
.

For all k ∈ [d], let paT1(k) = j, then

E
P0

(Xk − β paT1(k))2 = E
P0

[X2
k ] + β2 E

P0
[X2

j ]− 2β E
P0

[XkXj]
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≤ E
P0

[X2
k ] + β2 E

P0
[X2

j ]

≤ (1 + β2)
(

1 + β2

1− β2

)

= 1 + 2β2

1− β2 .

The first inequality is because all covariances are positive; the second one is due to
the upper bound for all variances. Thus, we have

DKL(P0∥P1) ≤
1
2

(
d + 2dβ2

1− β2 − d

)
= dβ2 × 1

1− β2 ≤ 2dβ2 = 4dc2

The last inequality holds when β2 is small enough, e.g. β2 ≤ 1/2. The proof
follows from applying Fano’s inequality with KL divergence upper bound 4dc2 and
cardinality of ensemble lower bound 1

2d log d.

We end by proving the lemma used in the lower bound proof.

Proof of Lemma 29. Since for any T ∈ T ′, there is no v-structure because each node
has at most one parent, thus it suffices to show the first part of Definition 4.3.2.

We first show all marginal variances are bounded, i.e. 1 ≤ Var(Xk) ≤ 1 +
β2/(1 − β2) for all k ∈ [d]. Starting from the root node r, whose variance is
Var(Xr) = Var(ηr) = 1, we can compute the variances of its children, they are all
Var(Xℓ) = Var(ηℓ) + β2 Var(Xr) = 1 + β2 for all ℓ ∈ ch(r). Proceed the calculation,
Var(Xj) = Var(ηj) + β2 Var(Xℓ) = 1 + β2 + β4 for all j ∈ ch(ℓ) and ℓ ∈ ch(r).
Therefore, because the longest path has length at most d− 1,

1 ≤ Var(Xk) ≤ 1 + β2 + β4 + · · ·+ β2d = 1 + β2

1− β2 × (1− β2(d−1)) ≤ 1 + β2

1− β2 , ∀k ∈ [d]

Now we can show the marginal correlation is lower bounded for any adjacent nodes
(j, k). Without loss of generality, let j = pa(k), then Xk = βXj + ηk, and the
correlation

ρ(Xj, Xk) = E[XjXk]√
Var(Xk) Var(Xj)

= β

√√√√ E[X2
j ]

1 + β2 E[X2
j ]

Thus ρ(Xj, Xk) ≥ c ⇔ β2 E[X2
j ] ≥ c2

1−c2 . Since E(X2
j ) ≥ 1, then β2 E(X2

j ) ≥ β2 =
2c2 ≥ c2

1−c2 when c2 ≤ 1/2. Now consider any pair of adjacent nodes (j, k), assuming
j = pa(k), and any other node ℓ ∈ [d] \ {j, k}, there are 4 cases on the relation
between ℓ and (j, k):
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1. ℓ is ancestor of j, i.e. a directed path ϕ: ℓ→ ϕ1 → · · · → ϕh → j;

2. j and ℓ share the same ancestor w, i.e. a directed path ϕ: w → ϕ1 → · · · →
ϕh → j and a directed path φ: w → φ1 → · · · → φg → ℓ;

3. ℓ is a descendant of k, i.e. a directed path ϕ: j → k → ϕ1 → · · · → ϕh → ℓ;

4. ℓ is a descendant of j but not k, i.e. a directed path ϕ: j → ϕ1 → · · · →
ϕh → ℓ not going through k;

where h ≥ 0 in either case. We deal with them separately:

• For the first and second case, because Xℓ ⊥⊥ ηk, the conditional correlation is

ρ(Xk, Xj |Xℓ) = E[XkXj |Xℓ]√
E(X2

k |Xℓ) E(X2
j |Xℓ)

=
β E[X2

j |Xℓ]√
E(X2

j |Xℓ)(1 + β2 E(X2
j |Xℓ))

=

√√√√ β2 E[X2
j |Xℓ]

1 + β2 E(X2
j |Xℓ)

Thus ρ(Xk, Xj |Xℓ) ≥ c ⇔ β2 E(X2
j |Xℓ) ≥ c2

1−c2 . Since Xϕh
⊥⊥ ηj |Xℓ, we

have E(X2
j |Xℓ) = 1 + β2 E(X2

ϕh
|Xℓ) ≥ 1, then β2 E(X2

j |Xℓ) ≥ β2 = 2c2 ≥
c2

1−c2 when c2 ≤ 1/2.

• For the third case, denote v = E[X2
j ], let’s compute the covariance matrix of

(Xk, Xk, Xℓ):
v βv βh+2v

βv β2v + 1 βh+1(β2v + 1)
βh+2v βh+1(β2v + 1) β2(h+2)v + β2(h+1) + · · ·+ β2 + 1


Denote V (v, h) = β2(h+2)v + β2(h+1) + · · ·+ β2 + 1. The covariance matrix of
(Xj, Xk) given Xℓ v βv

βv β2v + 1

− 1
V (v, h)

 β2(h+2)v2 β2h+3v(β2v + 1)
β2h+3v(β2v + 1) β2(h+1)(β2v + 1)2


= 1

V (v, h)

[ v · (
∑h+1

i=1 β2i + 1) βv · (
∑h+1

i=1 β2i + 1)
βv · (

∑h+1
i=1 β2i + 1) (β2v + 1) · (

∑h+1
i=1 β2i + 1)


206



APPENDIX B. SUPPLEMENTARY MATERIAL - CHAPTER 4

−

 β2(h+2)v2 β2h+3v(β2v + 1)
β2h+3v(β2v + 1) β2(h+1)(β2v + 1)2

]

= 1
V (v, h)

(β2(h+1) + · · ·+ β2 + 1)v βv(β2h + · · ·+ β2 + 1)
βv(β2h + · · ·+ β2 + 1) (β2h + · · ·+ β2 + 1)(β2v + 1)


Thus the conditional correlation is

ρ(Xj, Xk |Xℓ) =
βv × 1−β2(h+1)

1−β2√
v × 1−β2(h+2)

1−β2 × (1 + β2v)× 1−β2(h+1)

1−β2

=

√√√√ β2v

1 + β2v
× 1− β2(h+1)

1− β2(h+2)

Denote f(h) = 1−β2(h+1)

1−β2(h+2) = 1 − (1−β2)β2(h+1)

1−β2(h+2) , which is increasing in h with
minimum value being f(0) = 1

1+β2 . Therefore, ρ(Xj, Xk |Xℓ) ≥ c ⇔ β2v ≥
c2

f(h)−c2 . Since v = E[X2
j ] ≥ 1 for all j ∈ [d], then β2v ≥ β2 = 2c2 ≥

c2

1/(1+2c2)−c2 ≥ c2

f(h)−c2 when c2 ≤ 1/5, which yields the bound.

• For the forth case, analogously, denote v = E[X2
j ], let’s compute the covari-

ance matrix of (Xk, Xk, Xℓ):
v βv βh+1v

βv β2v + 1 βh+2v

βh+1v βh+2v β2(h+1) + β2h + · · ·+ β2 + 1


Denote W (v, h) = β2(h+1) + β2hv + + · · · + β2 + 1. The covariance matrix of
(Xj, Xk) given Xℓ is v βv

βv β2v + 1

− 1
W (v, h)

β2(h+1)v2 β2h+3v2

β2h+3v2 β2(h+2)v2



= 1
W (v, h)

[
β2(h+1)v2 + β2hv + · · ·+ β2v + v β2(h+1)+1v2 + β2h+1v + · · ·+ β3v + βv

β2(h+1)+1v2 + β2h+1v + · · ·+ β3v + βv (β2(h+1)+2v2 + β2h+2v + · · ·+ β4v + β2v

+β2(h+1)v + β2h + · · ·+ β2 + 1)


−

β2(h+1)v2 β2h+3v2

β2h+3v2 β2(h+2)v2

]

= 1
W (v, h)

(β2h + β2(h−1) + · · ·+ β2 + 1)v (β2h + β2(h−1) · · ·+ β2 + 1)βv

(β2h + β2(h−1) · · ·+ β2 + 1)βv (β2h + β2(h−1) + · · ·+ β2 + 1)(β2v + 1) + β2h+2v


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Thus the conditional correlation is

ρ(Xj, Xk |Xℓ) =
βv × 1−β2(h+1)

1−β2√√√√v × 1−β2(h+1)

1−β2 ×
[
(1 + β2v)× 1−β2(h+1)

1−β2 + β2h × β2v

]

=
√√√√ β2v

1 +
(
1 + β2h

g(h)

)
β2v

where g(h) = 1−β2(h+1)

1−β2 ≥ 1 for h ≥ 0. Since β2 = 2c2 ≤ 1, then 1+β2h/g(h) ≤
2. Since ρ(Xj, Xk |Xℓ) ≥ c ⇔ β2v ≥ c2

1−
(

1+ β2h

g(h)

)
c2

, and v = E[X2
j ] ≥ 1 for all

j ∈ [d], then β2v ≥ β2 = 2c2 ≥ c2

1−2c2 ≥ c2

1−
(

1+ β2h

g(h)

)
c2

when c2 ≤ 1/5, which

completes the proof.

B.4 Experiments

Synthetic Data Generation We generate trees using package networkx, then
randomly pick a node as root and orient it into a directed tree. We consider number
of nodes d ∈ {10, 50, 100}. To generate the data as in Equation 8.9, we uniformly
sample βk from the interval (−0.5, 0.1] ∪ [0.1, 0.5) as our coefficient weight. For
sample size n = {1000, 2000, 3000, 4000, 5000}, we generate our i.i.d. samples X ∈
Rn×d according to Equation 8.9, where η ∼ N(0, Id×d). Besides, we also present
experiments on agnostic setting where η ∼ U(−1, 1) is uniform distribution, or
η ∼ Laplace(0, 1) is Laplace distribution.

Baselines We have employed two baseline algorithms: the PC algorithm has been
executed using the Python package Causal-learn, while the GES algorithm has
been implemented with py-tetrad.

Evaluation For each experiment setup, we report the average (over 50 random
instantiations) Structural Hamming Distance (SHD) between the ground truth and
our estimated graph skeleton, and the Precise Recovery Rate (PRR), which is the
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frequency of exact recovery of the tree skeleton. Results are reported in Fig. B.9-
B.16. All experiments were conduced on an Intel Core i7-12800H 2.40GHz CPU.
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Figure B.9: SHD and PRR for Gaussian η and d = 10.
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Figure B.10: SHD and PRR for Gaussian η and d = 50.
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Figure B.11: SHD and PRR for Uniform η and d = 10.

Agnostic Learning Additionally, we investigated the algorithm’s performance
under conditions where the assumption is violated. Specifically, we examined the
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Figure B.12: SHD and PRR for Uniform η and d = 50.
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Figure B.13: SHD and PRR for Uniform η and d = 100.
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Figure B.14: SHD and PRR for Laplace η and d = 10.

impact on our algorithm’s performance when the coefficients βk in Equation 8.9 are
not independently and identically distributed (i.i.d.). To address this question, we
conducted agnostic learning experiments and present the corresponding results.

See Fig. B.17 for results with non-iid βk. Specifically, βk = αk + z, where we
sample αk iid uniformly and z uniformly, applying the same z to all αk. Here, z

introduces dependence among βk. When z = 0, βk is i.i.d., and when z ̸= 0, βk is
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Figure B.15: SHD and PRR for Laplace η and d = 50.
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Figure B.16: SHD and PRR for Laplace η and d = 100.
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Figure B.17: Performance comparison for PC-Tree, Chow-Liu, PC, and GES algo-
rithms evaluated on SHD and PRR in (a) and (b) for non-iid βk. The red, blue,
green, and purple lines represent PC-Tree, Chow-Liu, PC, and GES, respectively.

non-i.i.d. For brevity, we only report the most relevant setting with d = 100 nodes
and data are Gaussian. We simulated random directed trees and synthetic data via
equation Equation 8.9. We can see the performance of both PC-tree and Chow-
Liu are less affected even when βk are non i.i.d: The Structural Hamming Distance
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(SHD) becomes 0 in both i.i.d and non i.i.d. setting, and the Precise Recovery Rate
(PRR) also outperforms other methods.
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C.1 Useful Lemma
Lemma 30 (Lebesgue Dominated Convergence Theorem (LDCT)). Let f1, f2, . . .

be a sequence of functions on a domain S. Suppose that this sequence converges to
a function f pointwisely, i.e. for any x ∈ S, we have

fi(x)→ f(x)

and is dominated by a integrable function g, i.e.

|fi(x)| ≤ |g(x)| for all x ∈ S.

Then, we have

lim
i→∞

∫
S

fi(x)dx =
∫

S
f(x)dx.

Lemma 31. For any zero-mean, twice diffierentiable and log-concave density func-
tions f1, f2, let f, F be the functions

f(y, α) =
∫ ∞

−∞
f1(x)f2(y − αx)dx for all y, α ∈ R

F (α) = −
∫ ∞

−∞
f(y, α) log f(y, α)dy for all α ∈ R.

Then, we have

∂F (0)
∂α

= 0 and ∂2F (0)
∂α2 = O

( ∫ ∞

−∞
x2f1(x)dx

)
.

Proof. We first compute

∂f(y, α)
∂α

= −
∫ ∞

−∞
xf1(x)f ′

2(y − αx)dx by LDCT in Lemma 30

and

∂F (α)
∂α

= −
∫ ∞

−∞

∂f(y, α)
∂α

(1 + log f(y, α))dy by LDCT in Lemma 30.

Therefore, when α = 0, we have

∂f(y, 0)
∂α

= −
(∫ ∞

−∞
xf1(x)dx

)
· f ′

2(y) = 0 since we assume zero-mean

and

∂F (0)
∂α

= −
∫ ∞

−∞

(
∂f(y, 0)

∂α

)
(1 + log f2(y))dy = 0.
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Moreover, we compute

∂2f(y, α)
∂α2 =

∫ ∞

−∞
x2f1(x)f ′′

2 (y − αx)dx by LDCT in Lemma 30

and

∂2F (α)
∂α2 = −

∫ ∞

−∞

(
∂2f(y, α)

∂α2 (1 + log f(y, α)) +

(
∂f(y,α)

∂α

)2

f(y, α)

)
dy by LDCT in Lemma 30.

Therefore, when α = 0, we have

∂2F (0)
∂α2 = −

∫ ∞

−∞

(
∂2f(y, 0)

∂α2 (1 + log f2(y)) +

(
∂f(y,0)

∂α

)2

f2(y)

)
dy

= −
( ∫ ∞

−∞
x2f1(x)dx

)( ∫ ∞

−∞
f ′′

2 (y)(1 + log f2(y))dy
)

(C.1)

Note that

(f2(y) log f2(y))′′ = f ′′
2 (y)(1 + log fηY

(y)) + f ′
2(y)2

f2(y)

and hence the term
∫∞

−∞ f ′′
2 (y)(1 + log f2(y))dy can be rewritten as∫ ∞

−∞
f ′′

2 (y)(1 + log f2(y))dy = (f2(y) log f2(y))′ |∞−∞ −
∫ ∞

−∞

(f ′
2(y))2

f2(y)
dy. (C.2)

By Lemma 32 and plugging Equation C.2 into Equation C.1, we have

∂2F (0)
∂α2 = O

( ∫ ∞

−∞
x2f1(x)dx

)
.

Lemma 32. For any twice diffierentiable and log-concave density function f , we
have

f ′(x)(1 + log f(x))→ 0 as x→ ±∞ and
∫ ∞

−∞

(f ′(x))2

f(x)
dx ≤ O(1).

Proof. Since f is log-concave,we express f as

f(x) = e−3g(x) for all x ∈ R

for some convex function g. Here, we introduce the factor 3 for simplicity in the
following calculation. Note that

f ′(x)(1 + log f(x)) = −3g′(x)e−3g(x)(1− 3g(x)) =
(

(9g(x)− 3)e−2g(x)
)(

g′(x)e−g(x)
)

(C.3)
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and∫ ∞

−∞

(f ′(x))2

f(x)
dx =

∫ ∞

−∞
9(g′(x))2e−3g(x)dx =

∫ ∞

−∞
9(g′(x)e−g(x))2e−g(x)dx (C.4)

If we manage to prove that g′(x)e−g(x) < O(1) as x → ∞ (for simplicity, we argue
the statement for x → ∞ only; the case of x → −∞ follows similarly), then we
have the following. For Equation C.3, we have

f ′(x)(1 + log f(x)) = O
(
(9g(x)− 3)e−2g(x)

)
→ 0 as x→∞ since g(x)→∞.

For Equation C.4, note that g is convex and g(x)→∞ which implies g(x) = Ω(x)
as x→∞. We have∫ ∞

−∞

(f ′(x))2

f(x)
dx =

∫ ∞

−∞
O(e−g(x))dx = O(1).

In other words, we need to show g′(x)e−g(x) < O(1) as x → ∞. If g′ is bounded,
then g′e−g/2 is also bounded since g(x) → ∞ as x → ∞. WLOG, assume that
g′(0) = 1 and g(0) = 0. Recall that g′ is increasing. Let x1 be the smallest positive
value such that g′(x1) = 2ex1 or ∞ if such value does not exist. For all x ∈ [0, x1),
we have

g′(x) < 2ex and g(x) =
∫ x

0
g′(y)dy ≥ x which implies g′(x)e−g(x)/2 < 2.

If x1 ̸= ∞, let x2 be the smallest positive value such that g′(x2) = 2e2(x2−x1)ex1 +x1

or ∞ if such value does not exist. For all x ∈ [x1, x2), we have

g′(x) < 2e2(x−x1)ex1 +x1 and g(x) =
∫ x

x1
g′(y)dy +

∫ x1

0
g′(y)dy ≥ 2(x− x1)ex1 + x1

which implies

g′(x)e−g(x)/2 < 2.

It is easy to see that we can prove the statement

g′(x)e−g(x)/2 < 2 for all x > 0

by induction when we define xi in a similar manner. We will omit the detail.
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Lemma 33 (Concentration bound for sub-Gaussian random variables). For any
sub-Gaussian random variables X, Y (not necessarily independent), let (X(1), Y (1)), . . . , (X(n), Y (n))
be i.i.d. samples of (X, Y ). Define

σ2
X := E(X2), σ2

Y := E(Y 2), ρXY := E(XY ),

σ̂2
X := 1

n

n∑
i=1

(X(i))2 and ρ̂XY := 1
n

n∑
i=1

X(i)Y (i).

For any 0 < t < 1, when n = Ω( 1
t2 log 1

δ
), we have

∣∣∣σ2
X − σ̂2

X

∣∣∣ ≤ tσ2
X and |ρXY − ρ̂XY | ≤ tσXσY with probability 1− δ.

Fact C.1.1 ([Bha+21]). Let T1 and T2 be two spanning trees on d vertices such
that their symmetric difference consists of the edges E = {e1, e2, . . . , el} ∈ T1 \ T2

and F = {f1, f2, . . . , fl} ∈ T2 \ T1. Then E and F can be paired up, say ⟨ei, fi⟩,
such that for all i, T1 ∪ {fi} \ {ei} is a spanning tree.

Lemma 34. Let (X, Y, Z) be a random variable. Note that one can always write
X, Y, Z as follows.

X = ηX

Y = βX + ηY

Z = λX + γY + ηZ (C.5)

for some coefficients β, λ, γ and some random variables ηX , ηY , ηZ where E(XηY ) =
E(XηZ) = E(Y ηZ) = 0. Suppose we have n i.i.d. samples of (X, Y, Z). Define

Ĩ(X; Y ) = log(1 +
β̂2σ̂2

ηX

σ̂2
ηY

) and Ĩ(Y ; Z | X) = log(1 +
γ̂2σ̂2

ηY

σ̂2
ηZ

)

It is easy to check that Î(X; Y ) and Î(Y ; Z | X) can be rewritten in terms of
σ̂2

X , σ̂2
Y , σ̂2

Z , ρ̂XY , ρ̂XZ , ρ̂Y Z which is independent of the form in Equation C.5, e.g.

Ĩ(X; Y ) = − log(1− ρ̂2
XY

σ̂2
X σ̂2

Y

) recall that σ̂2
ηX

= σ̂2
X , β̂ = ρ̂XY

σ̂2
X

and σ̂2
ηY

= σ̂2
Y − β̂2σ̂2

X .

Then, we have

Ĩ(X; Y )− Ĩ(X; Z) = Ĩ(X; Y | Z)− Ĩ(X; Z | Y ).
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Proof. Let (X̊, Y̊ , Z̊) be the Gaussian random variable N (0, Σ) whose covariance
matrix Σ is

Σ =


σ̂2

X ρ̂XY ρ̂XZ

ρ̂XY σ̂2
Y ρ̂Y Z

ρ̂XZ ρ̂Y Z σ̂2
Z

 .

Since (X̊, Y̊ , Z̊) is Gaussian, by the standard calculation of (conidtional) mutual
information for Gaussians, we have

I(X̊; Y̊ ) = 1
2

log(1 +
β̂2σ̂2

ηX

σ̂2
ηY

) = 1
2

Ĩ(X; Y )

I(Y̊ ; Z̊ | X̊) = 1
2

log(1 +
γ̂2σ̂2

ηY

σ̂2
ηZ

) = 1
2

Ĩ(Y ; Z | X).

Therefore, we have

Ĩ(X; Y )− Ĩ(X; Z) = 2I(X̊; Y̊ )− 2I(X̊; Z̊)

= 2I(X̊; Y̊ | Z̊)− 2I(X̊; Z̊ | Y̊ ) by the chain rule for mutual information

= Ĩ(X; Y | Z)− Ĩ(X; Z | Y ).

C.2 Proofs
Theorem 5.2.1. Let (X, Y ) be the random variable of the form in Equation 5.1.
Assume that α is bounded above by a constant, i.e. α = O(1). Then, we have

I(X; Y ) ≤ O
(
σ2

Xα2
)
.

Proof. For any random variable R, let fR be its pdf. Then, we have

fX(x) = fηX
(x) for all x ∈ R

fY (y) =
∫ ∞

−∞
fηX

(x)fηY
(y − αx)dx for all y ∈ R since ηX and ηY are independent

fY |X(y | x) = fηY
(y − αx) for all x, y ∈ R.

Recall that the definition of I(X; Y ) is

I(X; Y ) = −
∫ ∞

−∞
fY (y) log fY (y)dy +

∫ ∞

−∞
fX(x)

∫ ∞

−∞
fY |X(y | x) log fY |X(y | x)dydx
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For the second term, we have∫ ∞

−∞
fX(x)

∫ ∞

−∞
fY |X(y | x) log fY |X(y | x)dydx

=
∫ ∞

−∞
fηX

(x)
∫ ∞

−∞
fηY

(y − αx) log fηY
(y − αx)dydx

=
∫ ∞

−∞
fηX

(x)
∫ ∞

−∞
fηY

(y) log fηY
(y)dydx

=
∫ ∞

−∞
fηY

(y) log fηY
(y)dy.

Namely, the expression for I(X; Y ) can be written as

I(X; Y ) = −
∫ ∞

−∞
fY (y) log fY (y)dy +

∫ ∞

−∞
fηY

(y) log fηY
(y)dy.

Note that fY depends on α and hence we abuse fY (y) = fY (y, α) for all y, α ∈ R.
Let F be the function

F (α) := −
∫ ∞

−∞
fY (y, α) log fY (y, α)dy which also implies F (0) = −

∫ ∞

−∞
fηY

(y) log fηY
(y)dy.

Hence, we have

I(X; Y ) = F (α)− F (0).

Furthermore, we would like to expand the Taylor expansion for F at α = 0, i.e.

I(X; Y ) = ∂F (0)
∂α

α + 1
2

∂2F (α0)
∂α2 α2 for some α0 between 0 and α. (C.6)

By Lemma 31, we have

∂F (0)
∂α

= 0 and ∂2F (0)
∂α2 ≤ O

( ∫ ∞

−∞
x2fηX

(x)dx
)

= O(σ2
X).

Since ∂2F (α)
∂α2 is continuous, we also have

∂2F (α0)
∂α2 ≤ O(σ2

X) for some α0 between 0 and α.

In other words, Equation C.6 can be expressed as

I(X; Y ) ≤ O
(
σ2

Xα2
)
.
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Theorem 5.2.2 (Mutual Information Tester). Suppose we are given n i.i.d. sam-
ples of (X, Y ) of the form in Equation 5.1. For any sufficiently small ε, δ > 0 that
I(X; Y ) ≥ ε when I(X; Y ) ̸= 0, if n = Ω(1

ε
log 1

δ
), there exists a constant C such

that the estimator defined in Equation 5.4 satisfies the following with probability
1− δ:

• If I(X; Y ) = 0, then Ĩ(X; Y ) ≤ ε
100C

.

• If I(X; Y ) ≥ ε, then Ĩ(X; Y ) ≥ ε
50C

.

Proof. By Theorem 5.2.1, we first have

I(X; Y ) ≤ C · σ
2
Xα2

σ2
Y

for some large constant C > 1. (C.7)

Here, since σ2
Y is bounded, we introduce this term for analytic purposes.

By Lemma 33 and a straightforward calculation, we have

|α̂− α| ≤
√

ε

101C

σY

σX

,
∣∣∣σ̂2

X − σ2
X

∣∣∣ ≤ √ ε

100C
σ2

X and
∣∣∣σ̂2

ηY
− σ2

ηY

∣∣∣ ≤ √ ε

100C
σ2

Y .

(C.8)

Note that σ2
ηY

= σ2
Y − α2σ2

X and hence the error depends on σ2
Y for

∣∣∣σ̂2
ηY
− σ2

ηY

∣∣∣.
Now, we express

Ĩ(X; Y ) = − log
(

1− ρ̂2
XY

σ̂2
X σ̂2

Y

)
= log

(
1 + α̂2σ̂2

X

σ̂2
ηY

)
= log

(
1 + α̂2 σ2

X

σ2
Y

· σ̂
2
X

σ2
X

· σ2
Y

σ̂2
ηY

)
.

We will now consider the two cases: 1) I(X; Y ) = 0 and 2) I(X; Y ) ≥ ε.

For 1) I(X; Y ) = 0: When I(X; Y ) = 0, it means X and Y are independent and
hence α = 0 and σY = σηY

. By Equation C.8, we have

α̂2 σ2
X

σ2
Y

≤ ε

101C
,

σ̂2
X

σ2
X

≤ 1 +
√

ε

100C
and σ2

Y

σ̂2
ηY

≤ 1
1−

√
ε

100C

.

Hence, we now bound Ĩ(X; Y )

Ĩ(X; Y ) ≤ log
(

1 + ε

101C
·

1 +
√

ε
100C

1−
√

ε
100C

)
≤ ε

100C
for small ε > 0.
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For 2) I(X; Y ) ≥ ε: When I(X; Y ) ≥ ε, we have

σXα

σY

≥
√

ε

C
by Equation C.7 which implies σX α̂

σY

≥ σXα

σY

−
√

ε

101C
> 0.

Furthermore, we have

σ2
X α̂2

σ2
Y

≥ (σXα

σY

−
√

ε

101C
)2,

σ̂2
X

σ2
X

≥ 1−
√

ε

100C
and σ2

Y

σ̂2
ηY

≥ 1
1 +

√
ε

100C

.

Hence, we now bound Ĩ(X; Y )

Ĩ(X; Y ) ≥ log

1 +
(

σXα

σY

−
√

ε

101C

)2
·

1−
√

ε
100C

1 +
√

ε
100C


≥ log

(
1 +

(
σ2

Xα2

2σ2
Y

− ε

101C

)
︸ ︷︷ ︸
by (a − b)2 ≥ 1

2 a2 − b2

· 9
10︸︷︷︸

for small ε

)

For small a =
(

σ2
Xα2

2σ2
Y
− ε

101C

)
· 9

10 > 0, we have log(1 + a) ≥ 1
2a. We have

Ĩ(X; Y ) ≥ 1
2

(
σ2

Xα2

2σ2
Y

− ε

101C

)
· 9

10
≥ ε

50C
.

Theorem 5.3.1. Let (X, Y, Z) be the random variable of the form in Equation 5.5
such that λ = 0 and Y and ξZ are independent. Assume that γ is bounded above by
a constant, i.e. γ = O(1). Then, we have

I(Y ; Z | X) ≤ O
(
σ2

ξY
γ2
)
.

Proof. For any random variable R, let fR be its pdf. Then, we have

fX(x) = fξX
(x) for all x ∈ R

fZ|X(z | x) =
∫ ∞

−∞
fξY

(y′)fξZ
(z − γβx− γy′)dy′ for all x, z ∈ R

fZ|X,Y (z | x, y) = fξZ
(z − γy) for all x, y, z ∈ R

Recall that the definition of I(Y ; Z | X) is

I(Y ; Z | X) = −
∫ ∞

−∞
fX(x)

∫ ∞

−∞
fZ|X(z | x) log fZ|X(z | x)dzdx
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+
∫ ∞

−∞

∫ ∞

−∞
fX,Y (x, y)

∫ ∞

−∞
fZ|X,Y (z | x, y) log fZ|X,Y (z | x, y)dzdxdy

For the second term, we have∫ ∞

−∞

∫ ∞

−∞
fX,Y (x, y)

∫ ∞

−∞
fZ|X,Y (z | x, y) log fZ|X,Y (z | x, y)dzdxdy

=
∫ ∞

−∞

∫ ∞

−∞
fX,Y (x, y)

∫ ∞

−∞
fξZ

(z − γy) log fξZ
(z − γy)dzdxdy

=
∫ ∞

−∞

∫ ∞

−∞
fX,Y (x, y)

∫ ∞

−∞
fξZ

(z) log fξZ
(z)dzdxdy

=
∫ ∞

−∞
fξZ

(z) log fξZ
(z)dz

Also, for the first term, we can rewrite it as∫ ∞

−∞
fX(x)

∫ ∞

−∞
fZ|X(z | x) log fZ|X(z | x)dzdx

=
∫ ∞

−∞
fX(x)

∫ ∞

−∞

( ∫ ∞

−∞
fξY

(y′)fξZ
(z − γβx− γy′)dy′

)
log

( ∫ ∞

−∞
fξY

(y′)fξZ
(z − γβx− γy′)dy′

)
dzdx

=
∫ ∞

−∞
fX(x)

∫ ∞

−∞

( ∫ ∞

−∞
fξY

(y′)fξZ
(z − γy′)dy′

)
log

( ∫ ∞

−∞
fξY

(y′)fξZ
(z − γy′)dy′

)
dzdx

=
∫ ∞

−∞

( ∫ ∞

−∞
fξY

(y′)fξZ
(z − γy′)dy′

)
log

( ∫ ∞

−∞
fξY

(y′)fξZ
(z − γy′)dy′

)
dz

Let F be the function

F (γ) := −
∫ ∞

−∞

( ∫ ∞

−∞
fξY

(y′)fξZ
(z − γy′)dy′

)
log

( ∫ ∞

−∞
fξY

(y′)fξZ
(z − γy′)dy′

)
dz

which also implies

F (0) =
∫ ∞

−∞
fξZ

(z) log fξZ
(z)dz.

Hence, we have

I(Y ; Z | X) = F (γ)− F (0).

Furthermore, we would like to expand the Taylor expansion for F at γ = 0, i.e.

I(X; Y ) = ∂F (0)
∂γ

γ + 1
2

∂2F (γ0)
∂γ2 γ2 for some γ0 between 0 and γ. (C.9)

By Lemma 31, we have

∂F (0)
∂γ

= 0 and ∂2F (0)
∂γ2 ≤

( ∫ ∞

−∞
y2fξY

(y)dy
)( ∫ ∞

−∞

(f ′
ξZ

(z))2

fξZ
(z)

dz
)
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Since ∂2F (γ)
∂γ2 is continuous, we also have

∂2F (γ0)
∂γ2 ≤ O(σ2

ξY
) for some γ0 between 0 and γ.

In other words, Equation C.9 can be expressed as

I(Y ; Z | X) ≤ O
(
σ2

ξY
γ2
)
.

Theorem 5.3.2 (Conditional Mutual Information Tester). Suppose we are given n

i.i.d. samples of (X, Y, Z) of the form in Equation 5.5. For any sufficiently small
ε, δ > 0 that I(Y ; Z | X) ≥ ε when I(Y ; Z | X) ̸= 0, if n = Ω(1

ε
log 1

δ
), there exists

a constant C such that the estimator defined in Equation 5.6 satisfies the following
with probability 1− δ:

• If I(Y ; Z | X) = 0, then Ĩ(Y ; Z | X) ≤ ε
100C

.

• If I(Y ; Z | X) ≥ ε, λ = 0 and Y and ξZ are independent, then Ĩ(Y ; Z | X) ≥
ε

50C
.

Proof. By Theorem 5.3.1, we first have

I(Y ; Z | X) ≤ C ·
σ2

ξY
γ2

σ2
Z

for some large constant C > 1. (C.10)

Here, since σ2
Z is bounded, we introduce this term for analytic purposes. By Lemma

33 and a straightforward calculation, we have

|γ̂ − γ| ≤
√

ε

101C

σξY

σZ

,
∣∣∣σ̂2

ξY
− σ2

ξY

∣∣∣ ≤ √ ε

100C
σ2

Y and
∣∣∣σ̂2

ξZ
− σ2

ξZ

∣∣∣ ≤ √ ε

100C
σ2

Z .

(C.11)

Note that σ2
ξY

= σ2
Y − β2σ2

X and σ2
ξZ

= σ2
Z − γ2σ2

Y and hence the error depends on
σ2

Y (resp. σ2
Z) for

∣∣∣σ̂2
ηY
− σ2

ηY

∣∣∣ (resp.
∣∣∣σ̂2

ηZ
− σ2

ηZ

∣∣∣). Now, we express

Ĩ(Y ; Z | X) = log
(

1 +
γ̂2σ̂2

ξY

σ̂2
ξZ

)
= log

(
1 + γ̂2 σ2

ξY

σ2
Z

·
σ̂2

ξY

σ2
ξY

· σ2
Z

σ̂2
ξZ

)
.

We will now consider the two cases: 1) I(Y ; Z | X) = 0 and 2) I(Y ; Z | X) ≥ ε.
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For 1) I(Y ; Z | X) = 0: When I(Y ; Z | X) = 0, it means γ = 0 and σZ = σξZ
.

By Equation C.11, we have

γ̂2 σ2
ξY

σ2
Z

≤ ε

101C
,

σ̂2
ξY

σ2
ξY

≤ 1 +
√

ε

100C

σ2
Y

σ2
ξY

and σ2
Z

σ̂2
ηZ

≤ 1
1−

√
ε

100C

.

Hence, we now bound Ĩ(X; Y )

Ĩ(Y ; Z | X) ≤ log
(

1 + ε

101C
·

1 +
√

ε
100C

σ2
Y

σ2
ξY

1−
√

ε
100C

)
≤ ε

100C
for small ε > 0.

For 2) I(Y ; Z | X) ≥ ε: When I(Y ; Z | X) ≥ ε, we have

σξY
γ

σZ

≥
√

ε

C
by Equation C.10 which implies σ̂ξY

γ

σ̂Z

≥ σξY
γ

σZ

−
√

ε

101C
> 0.

Furthermore, we have

σ̂2
ξY

γ2

σ̂2
Z

≥ (σξY
γ

σZ

−
√

ε

101C
)2,

σ̂2
ξY

σ2
ξY

≥ 1−
√

ε

100C

σ2
Y

σ2
ξY

and σ2
Z

σ̂2
ηZ

≥ 1
1 +

√
ε

100C

.

Hence, we now bound Ĩ(X; Y )

Ĩ(Y ; Z | X) ≥ log

1 +
(

σξY
γ

σZ

−
√

ε

101C

)2
·

1−
√

ε
100C

σ2
Y

σ2
ξY

1 +
√

ε
100C


≥ log

(
1 +

(
σ2

ξY
γ2

2σ2
Z

− ε

101C

)
︸ ︷︷ ︸
by (a − b)2 ≥ 1

2 a2 − b2

· 9
10︸︷︷︸

for small ε

)

For small a =
(

σ2
ξY

γ2

2σ2
Z
− ε

101C

)
· 9

10 > 0, we have log(1 + a) ≥ 1
2a. We have

Ĩ(Y ; Z | X) ≥ 1
2

(
σ2

ξY
γ2

2σ2
Z

− ε

101C

)
· 9

10
≥ ε

50C
.

Theorem 5.3.3. Let T ∗ ∈ T be a directed tree. Suppose we are given n i.i.d.
samples of (X1, . . . , Xd) of the form in Equation 5.2. For any sufficiently small
ε, δ > 0 that I(Y ; Z | X) ≥ ε when I(Y ; Z | X) ̸= 0 for any three nodes X, Y, Z in
T ∗, if n = Ω(1

ε
log d

δ
), the tree outputted by Algorithm 5, T̂ , is equal to the skeleton

of T ∗ with probability 1− δ.
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Proof. We first consider the edge difference between T̂ and T ∗. By fact C.1.1, we can
pair up the edges in T̂\T ∗ with the edges in T ∗\T̂ such that T ∗∪{(W, Z)}\{(X, Y )}
is also a spanning tree for any (W, Z) ∈ T̂\T ∗ and (X, Y ) ∈ T ∗\T̂ . Let T̂\T ∗ be
{(W1, Z1), . . . , (Wk, Zk)} and T ∗\T̂ be {(X1, Y1), . . . , (Xk, Yk)} such that (Wi, Zi)
pairs up with (Xi, Yi) for i = 1, . . . , k. Because of that, there exists a path in T ∗

from Wi to Zi containing Xi and Yi. Without loss of generality, we assume that the
order of them is Wi −− Xi → Yi ⇝ Zi in T ∗. Here, −− means an undirected path in
T ∗, → means a directed edge in T ∗ and ⇝ means a directed path in T ∗.

Since T̂ is the output of Algorithm 5, we have
k∑

i=1
Ĩ(Xi; Yi)−

k∑
i=1

Ĩ(Wi; Zi) ≤ 0

by the definition of the maximum spanning tree. We first expand the LHS as
k∑

i=1
Ĩ(Xi, Yi)−

k∑
i=1

Ĩ(Wi, Zi) =
k∑

i=1

(
Ĩ(Xi, Yi)− Ĩ(Xi; Zi) + Ĩ(Xi; Zi)− Ĩ(Wi; Zi)

)

=
k∑

i=1

(
Ĩ(Xi; Yi | Zi)− Ĩ(Xi; Zi | Yi) + Ĩ(Xi; Zi | Wi)− Ĩ(Wi; Zi | Xi)

)
by Lemma 34

=
k∑

i=1

(
Ĩ(Xi; Yi | Zi) + Ĩ(Xi; Zi | Wi)

)
︸ ︷︷ ︸

:=A

−
k∑

i=1

(
Ĩ(Xi; Zi | Yi) + Ĩ(Wi; Zi | Xi)

)
︸ ︷︷ ︸

:=B

.

In other words, we have A ≤ B.
Recall that Wi −− Xi → Yi ⇝ Zi in T ∗ and hence it implies I(Xi; Zi | Yi) = 0.

Similarly, we have I(Wi; Zi | Xi) = 0. By Theorem 5.3.2 and union bound with
Θ(1

ε
log d

δ
) samples, we have

Ĩ(Xi; Zi | Yi) ≤
ε

100C
and Ĩ(Wi; Zi | Xi) ≤

ε

100C
for all i = 1, . . . , k.

Plugging them into each term in B, we can bound B by 2k · ε
100C

= kε
50C

. Namely,
we have

A =
k∑

i=1

(
Ĩ(Xi; Yi | Zi) + Ĩ(Xi; Zi | Wi)

)
≤ kε

50C
. (C.12)

By Theorem 5.3.2 (note that Yi, Zi are a descendant of Xi and hence it satisfies the
extra conditions in the statement) and union bound with Θ(1

ε
log d

δ
) samples, we

have
ε

50C
≤ Ĩ(Xi; Yi | Zi) and ε

50C
≤ Ĩ(Xi; Zi | Wi)
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for all i = 1, . . . , k. In other words,

A ≥ kε

25C
which contradicts Equation C.12 unless k = 0, i.e. the skeleton of T ∗ = T̂ .

C.3 Experiments

Mutual Information Tester Additionally, we conducted more experiments with
our mutual information tester, as shown in Fig. C.1 (a)–(d), when the data distri-
butions are in G, and (e)–(f), where the distributions are not in G.
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(a) Foldgaussian distribution
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(b) Gumbel distribution
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(c) Rayleigh distribution
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(d) Student-t distribution
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(e) Cauchy distribution
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(f) Exponential distribution

Figure C.1: MI tester on null (solid line) and alternative (dashed line) hypothesis.
The red, green, and black lines represent our methods, KDEVM, and KNNVM,
respectively. For plots (a) - (d), the distributions are in G, while (e) and (f) are not
in G.
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D.1 Omitted proofs from Section 6.2
We will require the below well-known results for the statistic Z, show in [Can+21,

Lemma 4.1]. For completeness, we provide the proof below:

Lemma 2. For the random variable Z defined in Eq. (6.1), obtained from two
independent sets of n samples (i.e. 2n total samples) from P , the following holds:

E[Z] = ⟨E[X̄],E[Ȳ]⟩ = ∥µS∥2
2 (6.2)

Var[Z] ⩽ ∥ΣS∥2
F

n2 + 2
n
∥ΣS∥F∥µS∥2

2 (6.3)

Proof. We will prove this for any d-dimensional distribution X ∼ P . Suppose
the µ = E[X] and denote Σ its covariance matrix. Draw X = {x(1), . . . , x(n)},
Y = {y(1), . . . , y(n)} i.i.d. 2n samples from P ; let X̄ := 1

n

∑n
i=1 Xi, Ȳ := 1

n

∑n
i=1 Yi.

Z = ⟨X̄, Ȳ⟩ = 1
n2

d∑
i=1

n∑
k=1

n∑
l=1

Xl,iYk,i.

E[Z] = ∥µ∥2
2.

The proof follows from the fact that X̄ and Ȳ are independent, thus Xi ⊥⊥ Xj

regardless of i and j. Note that Var[Z] = E[Z2]−E2[Z], we start by computing the
second moment of the statistic:

E[Z2] = E

( 1
n2

d∑
i=1

n∑
k=1

n∑
l=1

Xl,iYk,i

) 1
n2

d∑
j=1

n∑
k′=1

n∑
l′=1

Xl′,jYk′,j


= 1

n4

d∑
i=1

d∑
j=1

n∑
k=1

n∑
l=1

n∑
k′=1

n∑
l′=1

E[Xl,iYk,iXl′,jYk′,j]

= 1
n4

d∑
i=1

d∑
j=1

(
n∑

l=1

n∑
l′=1

E[Xl,iXl′,j]
n∑

k=1

n∑
k′=1

E[Yk,iYk′,j]
)

= 1
n4

d∑
i=1

d∑
j=1

(
n∑

l=1

n∑
l′=1

E[Xl,iXl′,j]
)(

n∑
k=1

n∑
k′=1

E[Yk,iYk′,j]
)

= 1
n4

d∑
i=1

d∑
j=1

(
n∑

l=1

n∑
l′=1

E[Xl,iXl′,j]
)2

= 1
n4

d∑
i=1

d∑
j=1

 n∑
l=1

E[Xl,iXl,j] +
∑
l ̸=l′

E[Xl,i]E[Xl′,j]

2
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= 1
n4

d∑
i=1

d∑
j=1

(
n∑

l=1
Cov(Xl,i, Xl,j) + E[Xl,i]E[Xl,j] + n(n− 1)µiµj

)2

=
d∑

i=1

d∑
j=1

( 1
n

Cov(Xi, Xj) + µiµj

)2

=
d∑

i=1

d∑
j=1

( 1
n2 Σ2

i,j + 2
n

Σi,jµiµj + µ2
i µ

2
j

)

=
d∑

i=1

d∑
j=1

( 1
n2 Σ2

i,j + 2
n

Σi,jµiµj

)
+ ∥µ∥4

2

Then substitute Eq. (6.2) to complete the computation of Eq. (6.3)

Var[Z] = E[Z2]− E2[Z] =
d∑

i=1

d∑
j=1

( 1
n2 Σ2

i,j + 2
n

Σi,jµiµj

)

= 1
n2

∑
1⩽i,j⩽d

Σ2
i,j + 2

n

∑
i,j

Σi,jµiµj

= ∥Σ∥
2
F

n2 + 2
n

∑
i,j

Σi,jµiµj

⩽ ∥Σ∥
2
F

n2 + 2
n

√∑
i,j

Σ2
i,j

√∑
i,j

µ2
i µ

2
j (By Cauchy-Schwarz)

= ∥Σ∥
2
F

n2 + 2
n
∥Σ∥F · ∥µ∥2

2

Lemma 3 (Truncated vs non-truncated parameters). Let µS, ΣS be the mean and
covariance of the truncated Gaussian N (µ, Id; S) with a measure of at least 1 − ε.
Then the following holds:

∥µS − µ∥2 ≤ O(ε ·
√

log(1/ε)) and ∥ΣS − Id∥F ⩽ O(
√

d).

Proof. We establish each statement separately.
Bound on the mean ∥µS − µ∥2: Consider the region S̄, which contributes

the most to the change in the mean or covariance matrix in terms of the Frobenius
norm. Let vS be the unit vector in the direction of the truncated mean µS. For
any unit vector v, the region that impacts the expectation E[vT x] or Var[vT x]
the most corresponds to truncating the ε-tail of vT x. The change in the mean
in this direction can be bounded by O(ε

√
log(1/ε)), and similarly, the variance of

vT x changes by at most O(ε log(1/ε)), as can be shown by relatively standard and
elementary computations on a single-dimensional standard Gaussian. Thus, for the
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mean shift, we have

∥µS − µ∥2 = ∥µS∥ = O(ε
√

log(1/ε))

Even if the region S̄ fully truncates its ε mass in the direction of vS, the mean shift
in that direction is at most O(ε

√
log(1/ε)).

Bound on the covariance ∥ΣS − Id∥F : Next, we turn to the covariance
matrix. For any unit vector v, the variance of vT x in the truncated distribution
can be expressed as:

Var[vT x] = E[(vT x)2]− (E[vT x])2.

For the truncated Gaussian, the variance of vT x differs from 1 by at mostO(ε log(1/ε)),
i.e.,1,

Var[vT x]− 1 = E[(vT x)2]− E[vT x]2 − vT Idv

where

E[vT x]2 = (vT µS) · (µT
S v)

E[(vT x)(vT x)T ]− vT Idv = vT (E[xxT ]− Id)v = vT (ΣS + µSµT
S − Id)v

Thus
|Var[vT x]− 1| = |vT (ΣS − Id)v| ⩽ O(ε log 1/ε).

Now, recall the relationship between the spectral norm and the Frobenius norm:
if the spectral norm of ΣS − Id is bounded by O(ε log(1/ε)) = O(1), then the
Frobenius norm satisfies O(

√
d).

Theorem 6.2.1. There exists an algorithm (Algorithm 6) that, given i.i.d. samples
from truncated Gaussian distribution P with an unknown support set S ⊂ Rd, can
distinguish the following two cases based on the truncation mass parameter ε ∈ (0, 1)
and the accuracy parameter α > 0:

• (Completeness) If P is a truncated Gaussian distribution N (0, Id; S) and
the truncation mass satisfies 1 − N (0, Id; S) ⩽ ε, the algorithm will output
”ACCEPT” with probability at least 2/3.

1We believe one can prove a bound of O(ε log 1/ε) with a more sophisticated analysis; however,
this weaker bound suffices for our purposes.
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• (Soundness) If P is a truncated Gaussian distribution N (µ, Id; S) where
∥µ∥2 ⩾ α ⩾ c1 · ε

√
log 1

ε
for some constant c1 > 0 and the truncation mass

satisfies 1−N (0, Id; S) ⩽ ε, the algorithm will output ”REJECT” with prob-
ability at least 2/3.

The algorithm requires O
(√

d
α2

)
samples from P .

Proof. When X, Y come from the truncated Gaussian distribution N (µ, Id, S), by
Lemma 2, we know that for random variable Z

Z = ⟨X̄, Ȳ⟩,

the following condition holds:

E[Z] = ⟨E[X],E[Y]⟩ = ∥µ∥2
2

Var[Z] ⩽ ∥ΣS∥2
F

n2 + 2
n
∥ΣS∥F∥µS∥2

2.

By Lemma 3,

∥µS − µ∥Id
⩽ O

(
ε ·
√

log(1/ε)
)

and ∥ΣS − Id∥F ⩽ O(
√

d). (D.1)

Completeness: In the completeness case, we want to show the expectation of Z

is small when ∥µ∥2 = 0.

E[Z] = ∥µS∥2
2 ⩽ O(ε2 · log(1/ε)) ⩽ O(c2

1 · α2) = O(α2).

Var[Z] ⩽ ∥ΣS∥2
F

n2 + 2
n
∥ΣS∥F∥µS∥2

2

⩽ (∥ΣS − Id∥F + ∥Id∥F )2

n2 + 2
n

(∥ΣS − Id∥F + ∥Id∥F )(∥µS − µ∥2 + ∥µ∥2)2

≲ (
√

d + ∥Id∥F )2

n2 + 2
n

(
√

d + ∥Id∥F )
(

ε ·
√

log(1/ε) + 0
)2

= O

(
d

n2

)
+ O

(√
d

n
ε2 log 1/ε

)

≲ d

n2︸︷︷︸
≪α4

+
√

d

n
· α2︸ ︷︷ ︸

≪α4
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≲ α4

Since n ≳
√

d
α2 and α ≳ ε

√
log(1/ε), both terms are much smaller than α4. By

Chebyshev’s inequality, we have:

Pr
[
Z − ∥µS∥2

2 ⩾
1
2
∥µS∥2

2

]
⩽ 4 Var[Z]

E2[Z]
Using the bounds on E[Z] and Var [Z], this gives:

Pr[Z ⩾ Ω(α2)] ⩽ 1
9

.

Thus, the algorithm outputs “ACCEPT” with high probability in the completeness
case.

Soundness: In the soundness case, we have that ∥µ∥2 ⩾ c1α ⩾ ε ·
√

log(1/ε). We
now show that Z is large in this case:

E[Z] = ∥µS∥2
2 ⩾ (∥µ∥2−∥µ−µS∥2)2 =

∥µ∥2 −O

ε ·
√

log 1
ε

2

⩾ (∥µ∥2 −O(α))2 ⩾ Ω(∥µ∥2
2).

(D.2)
Similarly, the variance of Z is bounded as:

Var[Z] ⩽ ∥ΣS∥2
F

n2 + 2
n
∥ΣS∥F∥µS∥2

2

⩽ (∥ΣS − Id∥F + ∥Id∥F )2

n2 + 2
n

(∥ΣS − Id∥F + ∥Id∥F )∥µS∥2
2

≲ (
√

d +
√

d)2

n2 + 2
n

(
√

d +
√

d)∥µS∥2
2

= O

(
d

n2

)
+ O

(√
d

n
∥µS∥2

2

)

≲ d

n2 +
√

d

n
E[Z] ≲ E[Z]2

using that n ⩾ Ω
(√

d
α2

)
and recalling that E[Z] = ∥µS∥2

2 ⩾ Ω(α2) via Equation D.2
in the last step. By Chebyshev’s inequality, we get:

Pr
[
∥µS∥2 − Z ⩾ 1

2
E[Z]

]
⩽ 4 Var[Z]

E[Z]2
⇒ Pr[Z ⩽ O(∥µS∥2)] ⩽

1
9

Thus, with high probability:

Pr[Z ⩽ O(α2)] ⩽ 1
9

.

Hence, the algorithm outputs "REJECT" with high probability in the soundness
case.
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Theorem 6.2.2. The sample complexity for truncated mean testing when ε ≲ α ≲
ε ·
√

log 1
ε

is Θ(d).

Proof. This is a consequence of sample complexity lower bound of Ω(d) from Lemma 4
and the robust mean estimation [DK23, Proposition 1.20] upper bound of O(d).

D.2 Proof of Theorem 6.3.1
Lemma 5. Let Z1 be the statistics in Algorithm 7 Line 4, and µ′

S = Ex∼N (0,Id,S)[x]
(truncated mean under zero mean). Let µS be the truncated mean of the unknown
Gaussian P , we can show that

E[Z1] = ∥µS − µ′
S∥2

2.

Var[Z1] ⩽ O(α4 + α2 · ∥µS − µ′
S∥2

2).

Proof. By linearity of expectation and independence between Xis and Yis,

E[Z1] = E

( 1
n

n∑
i=1

Xi − µ′
S

)T
E [( 1

n

n∑
i=1

Yi − µ′
S

)]
= (µ− µ′

S)T (µ− µ′
S).

Think of X̃i = Xi − µ′
S as a random variable (Ỹi = Yi − µ′

S as the other random
variable), denote Σ̃ the covariance of a single X̃i, and µ̃ the mean. We have that as
in the proof of Lemma 2,

Var

( 1
n

n∑
i=1

X̃i

)T ( 1
n

n∑
i=1

Ỹi

) ⩽ ∥Σ̃∥2
F

n2 + 2
n
∥Σ̃∥F∥µ̃∥2

2.

We know that shifting the location of a random variable does not affect the covari-
ance matrix, and thus Σ̃ = ΣS, and µ̃ = µS − µ′

S, which means

Var[Z1] ⩽
∥ΣS∥2

F

n2 + 2
n
∥ΣS∥F∥µS − µ′

S∥2
2

⩽ (∥ΣS − Id∥F + ∥Id∥F )2

n2 + 2
n

(∥ΣS − Id∥F + ∥Id∥F )∥µS − µ′
S∥2

2

≲ d

n2 +
√

d

n
∥µS − µ′

S∥2
2,

where the last step follows from Lemma 3. Letting n = O
(√

d
α2

)
, we conclude our

proof.
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Lemma 6 (Gap of Mean under Truncation). Let Ey∼N (0,Id;S)[y] = µ′
S and Ey∼N (µ′′,Id;S)[x] =

µ′′
S, where ∥µ′′∥2

2 ≥ α2. Additionally, assume that N (µ′′, Id; S) ≥ 1 − β for some
constant β. Then, it holds that

∥µ′
S − µ′′

S∥2
2 ≥ Ω(α2).

Proof. Consider the negative log-likelihood function, ℓ̄(0), with the mean set to 0
as the input parameter. This function is defined for a population drawn from a
truncated normal distribution with an unknown mean µ. From Equation 2.4, we
can express the gradient of the negative log-likelihood with respect to the mean
evaluated at 0, as follows:

∇ℓ̄(0) = −Ex∼N (µ,Id,S)[x] + Ez∼N (0,Id,S)[z] = µS − µ′
S.

Likewise, when evaluating the gradient at µ, we have

∇ℓ̄(µ) = −Ex∼N (µ,Id,S)[x] + Ez∼N (µ,Id,S)[z] = 0.

So, ∇ℓ̄(0) represents the difference between the truncated mean of the underly-
ing distribution and that of the distribution with mean 0. From Lemma 1, let
λ0 = 1

213

(
β
C

)4
min

{
1
4 , 1

16∥µ∥2
2+1

}
, we know that ℓ̄(·) is λ0-strongly convex, and λ0 is

a constant if β is a constant and ∥µ∥2
2 ⩽ 1

16 . Therefore, by leveraging the proper-
ties of strong convexity and applying the CauchySchwarz inequality, we obtain the
following result:√

∥µ− 0∥2
2 · ∥∇l̄(µ)−∇l̄(0)∥2

2 ⩾ ⟨∇l̄(µ)−∇l̄(0), µ− 0⟩ ⩾ λ0

2
∥µ∥2

2

By simplifying the expression and substituting µ with any ∥µ′′∥2
2 ⩾ α2, we can show

that:
∥µ′′

S − µ′
S∥2

2 ⩾ Ω(α2).

Theorem 6.3.1 (Known truncation tester). There exists an algorithm (Algorithm 7)
that takes i.i.d. samples from truncated normal Gaussian P and given oracle access
to S ⊂ Rd, the effective support of P , distinguishing the cases for parameters (mass
of truncation) 0 < ε ⩽ 1− β, where β is a constant and (accuracy) 1

4 ⩾ α > 0:
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• (Completeness) P is a truncated Gaussian distribution N (0, Id, S) and 1−
N (0, Id; S) ⩽ ε. In this case, the algorithm will output yes with probability at
least 2/3.

• (Soundness) P is a truncated Gaussian distribution N (µ, Id, S) where ∥µ∥2 ⩾
α and 1 − N (0, Id; S) ⩽ ε. In this case, the algorithm will output no with
probability at least 2/3.

The algorithm will take O
(√

d
α2

)
samples from P .

Proof. Suppose ∥µ∥2
2 = α2 ⩽ 1

16 , then we have

min
{

1
4

,
1

16∥µ∥2
2 + 1

}
= 1

4
.

And so λ0 is a constant.

Completeness: When P is a truncated Gaussian N (0, Id, S). By Lemma 5, we
have that when n ⩾ Ω

( √
d

λ2
0α2

)
= Ω

(√
d

α2

)
,

E[Z1] = 0 and Var[Z1] ⩽ O(α4).

By Chebyshev’s inequality, for n being a large enough multiple of
√

d
α2 , we have that,

Pr
[
Z1 ⩾

3
2

c2 · α2
]
⩽ O

(
Var[Z1]
c2 · α4

)
⩽ 1

10
.

Soundness: When P is a truncated GaussianN (µ, Id, S) and ∥µ∥2
2 ⩾ α2. By Lemma 6,

we have that the gap under truncation is:

∥µS − µ′
S∥2

2 ⩾ Ω(α2) = c2 · α2.

By Lemma 5, we have that when n ⩾ Ω
( √

d
λ2

0α2

)
= Ω

(√
d

α2

)
,

E[Z1] = ∥µ− µS∥2
2 and Var[Z1] ⩽ O(α4 + α2∥µS − µ′

S∥2
2).

By Chebyshev’s inequality, we have that,

Pr
[
Z1 ⩽

3
2

c1 · α2
]
⩽ Pr

[
Z1 ⩽ ∥µ− µS∥2

2 + 1
2

c2 · α2
]
⩽ Var[Z1](

1
2c2 · α2

)2 ⩽ O

(
α4 + α2∥µS − µ′

S∥2
2

c2
2 · α4

)
.

Let n be a large enough multiple of
√

d
α2 , then

Pr
[
Z1 ⩽

3
2

c1 · α2
]
⩽ O

(
α4 + α2∥µS − µ′

S∥2
2

c2
2 · α4

)
= O

(
α4 + c2 · α4

c2
2 · α4

)
⩽ 1

10
.
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D.3 Proof of Lemma 4
Lemma 4 (Sample Complexity Lower Bound for Mean Testing with Unknown
Truncation When ε ≲ α ≲ ε

√
log(1/ε)). No algorithm can distinguish between

N (0, Id) and a family of truncated normal distribution of the form: N (v, Id, S)
with measure ε on the truncation set S̄ = Rd\S, for any ε < 1 and some ∥v∥2 =
α = Θ(ε

√
log(1/ε)), using fewer than Ω (d/ε) samples with a probability greater

than 2/3.

Proof. We begin by constructing a one-dimensional truncated normal distribution
A = N (α, 1, S), where the truncated mass is ε. This means Prx∼N (α,1)[x ∈ S] = 1−ε.
We can determine the (1− ε)-quantile as:

b = α +
√

2 erf−1(1− 2ε).

which defines the truncation set as S := (−∞, b].
Let α(ε) := α = Θ

(
ε
√

log 1
ε

)
. For any ε, we can find a constant c2 = Θ(1) such

that E[A] = 0:

EX∼A[X] = α−
exp

(
−1

2 (b− α)2
)

√
2π(1− ε)

= 0,

which is equivalent to:

α = exp(−(erf−1(1− 2ε))2)√
2π(1− ε)

= Θ

ε

√
log 1

ε

 .

Next, we compute an upper bound on the chi-squared divergence between the trun-
cated distribution A and the standard normal distribution N (0, 1). We find that

χ2(A,N (0, 1)) =

∫ b

−∞

(
exp

(
− (x−α)2

2

)
/
√

2π(1− ε)
)2

exp
(
−x2

2

)
/
√

2π
dx

− 1

= 1√
2π(1− ε)2

(∫ b

−∞
exp(−(x− α)2 + x2/2)dx

)
− 1

= 1√
2π(1− ε)2

(∫ b

−∞
exp

(
−x2

2
+ 2xα− α2

)
dx

)
− 1

= 1√
2π(1− ε)2

∫ b

−∞
exp

−( x√
2

)2

+ 2xα−
(√

2α
)2

+ α2

 dx

− 1

= exp(α2)√
2π(1− ε)2

∫ b

−∞
exp

−( x√
2
−
√

2α

)2
 dx

− 1
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= exp(α2)√
2π(1− ε)2

(∫ b

−∞
exp

(
−(x− 2α)2

2

)
dx

)
− 1

= N (2α, 1; S)
(1− ε)2 · exp(α2)− 1

⩽ exp(α2)
(1− ε)2 − 1

⩽ (1 + O(ε)) · (1 + O(α2))− 1

⩽ O(ε) + O(α2).

We now apply Proposition 2.4.1 [DKS16, Proposition 7.1], and obtain a lower bound
of

Ω
(

d

ε + α2

)
= Ω

(
d

ε

)
.

concluding the proof.
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E.1 Deferred Proofs from section 7.2
Below we provide the proof of Fact fact 7.2.1 for completeness.

Fact 7.2.1. Let A = {aij} and B = {bij} be two d × d matrices such that ∀i, j :
|aij − bij| ≤ δ. Then, ∥A−B∥F ≤ δ · d.

Proof. By definition of the Frobenious norm we have:

∥A−B∥2
F =

d∑
i=1

d∑
j=1

(aij − bij)2 ≤ d2δ2

Thus,
∥A−B∥F ≤ δ · d

E.2 Proofs from Section 7.3
This section provides the formal proofs that were deferred in favor of readability.

For convenience, we will restate the statements before proving them.

Lemma 7. Let N (µ∗, Σ∗) be the normal distribution with mean µ∗ and covariance
matrix Σ∗. Suppose that assumption 7.1.1 holds for some constant α > 0, and let
µ̂ = (µ̂1, . . . , µ̂d) be the estimated mean from the censored Gaussian in Line 6 of
Algorithm 1. For all ε > 0, using Õ( d2

αε2 ) samples1 we have that:

∀i ∈ [d] : |µ∗
i − µ̂i| ≤ (ε/d)σi ≤ (ε/d)

√
λmax(Σ)

where σi denotes the standard deviation of coordinate i (i.e σi =
√

Σ∗
ii, where Σ∗

ii is
the i-th diagonal entry of the covariance matrix Σ∗).

Proof. Fix a coordinate i ∈ [d]. If coordinate i appears in a censored sample, then
the value would follow the distribution N (µ∗

i , Σ∗
ii) = N (µ∗

i , σ2
i ). In order to apply

Theorem 7.3.1 for d = 1 and ε′ = ε/d, we need coordinate i to be present in at least
Õ(1/ε2) censored samples for every i ∈ [d]. assumption 7.1.1 implies that coordinate
i is present in each censored sample with probability at least α. Since in every batch

1We note that the Õα notation here hides both log d and log(1/δ) factors.

240



APPENDIX E. SUPPLEMENTARY MATERIAL - CHAPTER 7

of O(1/α(ε′)2) samples, there is a constant probability that the required number of
O(1/(ε′)2) appearances of coordinate i is met, the error probability can be reduced
to 1/d2 a the cost of an extra log factor in the sample complexity. Therefore, by
union bound over all d coordinates, the statement holds with probability at least
1− 1/d using O(log d/α(ε′)2) = Õ( d2

αε2 ) samples.

Lemma 8. Let Σ̂ be the matrix with entries Σ̂ij = Σ̂ij
12, where Σ̂ij

12 denotes the value
of the off diagonal entries of the 2×2 matrix Σ̂ij.By Σ̂ij we denote the estimation of
a 2×2 covariance matrix that we get when we restrict the input data to coordinates i

and j. Then the following holds: Using Õ( d2

αε2 ) samples to get the above estimates,we
have that:

∥Σ∗ − Σ̂∥F ≤ ελmax

where λmax is the maximum eigenvalue of Σ∗

Proof. Consider any pair of coordinates i, j ∈ [d]. Given the sample size of 1
αε′2 ,

assumption 7.1.1 and fact 7.2.1, there will be at least 1
ε′2 samples with non-censored

entries in both coordinates i, j for any such pair. Therefore, we can apply Theo-
rem 7.3.1 for d = 2 and ε′ = ε/d to get that:

∥Σ∗(ij) − Σ̂(ij)∥F ≤ ε′λmax

(
Σ∗(ij)

)
= ελmax

(
Σ∗(ij)

)
/d ≤ ελmax (Σ∗) /d

Therefore, all the entries of the 2 × 2 matrix on the lhs have absolute value at
most ε/d and thus this is also an upper bound on the maximum difference of
corresponding off diagonal entries of the d×d matrices Σ∗ and Σ̂ as constructed by
Algorithm 8 (see line 9). The same upper bound holds for the diagonal entries, since
they are more accurately estimated using 1d subproblems (line 2 of Algorithm 8).
Therefore, the maximum entry-wise difference overall between the d × d matrices
Σ∗ and Σ̂ as constructed by Algorithm 8 is ελmax/d. We can now apply fact 7.2.1
to get ∥Σ∗ − Σ̂∥F ≤ ελmax.

Lower bound on the sample complexity We now explain why some depen-
dence on the eigenvalues of Σ∗ is necessary. To see this, consider the case where
λmin(Σ∗) = 0. In this case, all the samples come from a subspace of dimension at
most d − 1. Consider one such subspace and its translation, by an infinitesimal
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Figure E.1: In this example, the self-censoring missingness mechanism is as follows:
Each coordinate x, y of the sample is seen if and only if x ∈ [0, 1] or y ∈ [0, 1]
respectively.

amount ε, along the eigenvector corresponding to the 0 eigenvalue. It is not hard to
see that if we take two such parallel subspaces arbitrarily close to each other, then
with high probability no finite amount of censored samples can distinguish between
these 2 cases, which would be required for keeping this Mahalanobis error bounded.

An illustrative example is in Fig. E.1: The censoring mechanism is as follows:

P S : N (0, I)|x+y=0

QS : N (0, I)|x+y=ε

We will now present the following lemma, which formally justifies the above
remark. It also acts as a warm-up for our subsequent lower bound.

Lemma 35. For any sufficiently small value of ε > 0, given m = o(1/ε) censored
samples according to the missingness model S from either P S or QS, no algorithm
can distinguish whether the samples are coming from P S or QS with probability larger
than 2/3.

Proof. We will define a coupling between the distributions P S and QS such that with
probability at least 1−O(ε), the same missingness pattern and the same values for
the seen coordinates are observed. This implies our lower bound of Ω(1/ε) samples
for distinguishing the two distributions with constant probability.

More specifically, we define the following coupling matching the probability mass
that points on the line {x + y = 0} have due to P S to the mass that QS imposes on
the line {x + y = ε}:
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(x,−x)↔


(x + ε,−x) x ≤ −ε observed: (?,−x)
(x + ε/2,−x + ε/2) −ε/2 ≤ x ≤ ε/2
(x,−x + ε) x ≥ ε observed: (x, ?)

(E.1)

For the segments of the support of P S unaccounted for in the above equation, we
match their mass arbitrarily in a valid way to finish the coupling. Note that for the
first and third branch of Eq. (E.1), the point (x,−x) has strictly larger probability
density from P S than (x + ε,−x) and (x,−x + ε) respectively have from QS, while
for any x ∈ R, the point (x + ε/2,−x + ε/2) has the same density in QS as (x,−x)
has in P S.

To see this, consider the coordinate system:
{
w := x−y√

2 , z := x+y√
2

}
(which is a

rotation of the original one by π/4 rad). Since the distribution N (0, I) is isotropic,
can now write the distributions P S and QS as follows:

P S : N (0, I)|z=0

QS : N (0, I)|z=ε/
√

2

Due to the fact that the marginals over w and z are independent, we have that
w ∼ N (0, 1) in both of the cases above.

Given the above coupling, it follows that whenever the true sample has first
coordinate in the set (−∞,−ε)∪(ε, +∞) the observed sample would be exactly the
same (see Eq. (E.1)) either with P S or QS.

Therefore, with probability at least 1−2 erf(ε
√

2) ≥ 1−2
√

2 erf(ε), the censored
sample that we get will not give us any information for our task distinguishing P S

from QS. Thus, any algorithm that is able to distinguish P S from QS need to draw
Ω( 1

erf(ε)) samples. This is Ω(1/ε) samples as ε gets arbitrarily close to 0.

Lemma 9. Given m = o(1/
√

λmin) censored samples according to the missingness
model S and ε = Ω(

√
λmin). No algorithm can estimate the true mean with accuracy

O(ε) and probability larger than 2/3.

Proof. We now consider two families of distributions parameterized by λ ∈ [0, 1].
We define the two families in the rotated (z, w) coordinate system, as in Lemma 35,
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as follows:

Pλ : (z, w) ∼ N

0,

λ 0
0 1


Qλ : (z, w) ∼ N

ε

0

 ,

λ 0
0 1


(E.2)

Note that the total variation distance between Pλ and Qλ is:

dT V (Pλ, Qλ) = dT V (Pλ|w=0, Qλ|w=0)

= 2Φ
(

ε

2
√

λ

)
− 1 = erf

(
ε

2
√

2
√

λ

)
= O

(
ε√
λ

)
.

(E.3)

Consider the distributions Pλ and Qλ defined in Eq. (E.2) for λ = λmin. The main idea
of the proof is that we can apply Lemma 35 for the case where ε = Θ(

√
λ). Note that

the distance between the means of these two distributions is ε/
√

2. Thus, any algorithm
that can estimate the mean with accuracy at most ε

√
2/4, should be able to distinguish

them.
We will use the same coupling as in Eq. (E.1) between the two distributions Pλ and

Qλ and use it to bound the probability that we will observe different censored samples pc

and qc respectively. We observe that (similarly to the setting of Lemma 35) any sample
from Pλ falling outside the band: B = {(x, y) : −ε ≤ x ≤ ε}, has an identical censored
sample to the censored sample of the corresponding point in Qλ via the coupling.

We now upper bound the probability that sample from Pλ falls in the band B:

Pr
(x,y)∼Pλ

[−ε ≤ x ≤ ε] ≤ Pr
(z,w)∼Pλ

[
−ε
√

2 ≤ w ≤ ε
√

2
]

= O(ε) (E.4)

Thus, we have:
Pr[pc ̸= qc] ≤ Pr

(x,y)∼Pλ

[−ε ≤ x ≤ ε] = O(ε) (E.5)

In addition, due to Eq. (E.3), there exists a different coupling for which the following
holds:

Pr[pc ̸= qc] ≤ Pr
p∼Pλ,q∼Qλ

[p ̸= q] = O

(
ε√
λ

)
. (E.6)

By Eq. (E.5) and Eq. (E.6), we get that no algorithm with o(max{1/ε,
√

λ/ε}) samples
can distinguish Pλ from Qλ with probability at least 2/3.

This implies the statement.
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Theorem 7.1.2. Suppose we can observe samples from N (µ∗, Σ∗) censored through
a self-censoring missingness model S. If assumption 7.1.1 is satisfied for some
constant value of the parameter α, there exists a polynomial-time algorithm that
recovers estimated µ∗, Σ∗ with arbitrary accuracy. Specifically, for all ε > 0, and
given that the eigenvalues of Σ∗ lie in the interval [λmin, λmax], the algorithm uses
Õ
(

d2(λmax/λmin)2

αε2

)
samples and produces estimates that satisfy the following:

∥∥∥Σ∗−1/2(µ∗ − µ̂)
∥∥∥

2
≤ O(ε);

and
∥∥∥I −Σ∗−1/2Σ̂Σ∗−1/2

∥∥∥
F
≤ O(ε).

Note that the sample complexity is proportional to 1/α. Furthermore, under the
above conditions, we have dTV(N (µ∗, Σ∗),N (µ̂, Σ̂)) ≤ O(ε).

Proof of Theorem 7.1.2. By Lemma 7 and Lemma 8, we conclude that we can use
Õ( d2

αε2 ) samples to get the following guarantees:

∥µ− µ̂∥2 ≤ ε
√

λmax

and
∥Σ∗ − Σ̂∥F ≤ ελmax

Thus,we get the following:
∥∥∥Σ∗−1/2(µ− µ̂)

∥∥∥
2
≤ 1√

λmin

∥µ− µ̂∥2 ≤ ε
√

λmax/λmin

∥∥∥I −Σ∗−1/2Σ̂Σ∗−1/2
∥∥∥

F
=
∥∥∥Σ∗−1/2(Σ∗ − Σ̂)Σ∗−1/2

∥∥∥
F

≤ 1
λmin

∥Σ∗ − Σ̂∥F

≤ ελmax/λmin

Thus, by substituting ε′′ = ελmax/λmin, we get sample complexity of Õ(d2(λmax/λmin)2

αε2 )
for the following guarantees:

∥∥∥Σ∗−1/2(µ− µ̂)
∥∥∥

2
≤ O(ε)

∥∥∥I −Σ∗−1/2Σ̂Σ∗−1/2
∥∥∥

F
≤ O(ε)
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E.3 Section 7.4 Omitted Proofs
Lemma 10. For any µ ∈ Rd, it holds that: ℓ(µ) ≥ ℓ(µ∗).

Proof. We first verify that the gradient vanishes at µ = µ∗. First, observe that

∇ℓ(µ) = −
∑

A⊆[d]

∫
x∈R|A|

∫
y Σ−1(y− µ) · 1{[}S(y) = A] · δ(yA − x)gµ(y)dy

gS
µ(A, x)

gS
µ∗(A, x)dx

Hence:

∇ℓ(µ∗) = −
∑

A⊆[d]

∫
x∈R|A|

∫
y

Σ−1(y− µ∗) · 1{[}S(y) = A] · δ(yA − x)gµ∗(y)dydx

= −
∫

y
Σ−1(y− µ∗) ·

∑
A⊆[d]

1{[}S(y) = A] ·
∫

x∈R|A|
δ(yA − x)dx · gµ∗(y)dy

= −
∫

y
Σ−1(y− µ∗) · gµ∗(y)dy = 0.

One can also show this by using (7.3) for the gradient and then using the law of total
expectation. We next prove ℓ is convex by showing that ∇2ℓ is positive semidefinite
for any value of µ.

∇2ℓ(µ)

= E
(A,x)

[
−
∫

y(−Σ−1 + Σ−1(y− µ)(y− µ)T Σ−1)1{[}S(y) = A] · δ(yA − x)gµ(y)dy
gS

µ(A, x)

]
+

E
x∼N (µ∗,Σ)

(∫y Σ−1(y− µ)1{[}S(y) = A] · δ(yA − x)gµ(y)dy∫
y 1{[}S(y) = A] · δ(yA − x)gµ(y)dy

)2
= E

(A,x)

[
Σ−1 − Cov

y∼N (µ,Σ)

[
Σ−1 (y− µ) | S(y) = A, yA = x

]]
.

(E.7)

Observe that for a linear thresholding missingness pattern, the set {y : S(y) =
A, yA = x} is convex for any set A and any x ∈ R|A|. Using the fact (Corollary 2.1
of [KP77]) that the variance of a Gaussian is non-increasing when restricted to a
convex set:

Cov
y∼N (µ,Σ)

[Σ−1(y− µ) | S(y) = A, yA = x] ⪯ Cov
y∼N (µ,Σ)

[Σ−1(y− µ)] = Σ−1.

Plugging into (E.7), we get that ∇2ℓ(µ) ⪰ 0 for any µ.
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Lemma 13 (Strong Convexity with Missing Entries). Given our missingness model
and assumption 7.1.3 with β = c

d
for some integer c ∈ {1, . . . d}, we have that the

function with general covariance ℓ(µ) is λ-strongly convex for λ = αβ/λmax(Σ).

Proof. Equivalently, we need to show that the minimum eigenvalue of the Hessian
of the function ℓ(µ) is at least λ. From (E.7), we have

∇2ℓ(µ) = E
(A,x)

[
Σ−1 − Cov

y∼N (µ,Σ)

[
Σ−1 (y− µ) | S(y) = A, yA = x

]]
(E.8)

Fix a unit vector v ∈ Rd. Let H ⊆ [d] denote the set of indices that contains
the c = βd highest v2

i values. Therefore, ∑i∈H v2
i ≥ β. Using v as a test vector:

enecccfckgvkkjlfnlclcggguvjldtdurlrlltnecnid

v⊤∇2(ℓ(µ))v = v⊤Σ−1v− v⊤ ·
(

E
(A,x)

Cov
y

(Σ−1y | S(y) = A, yA = x)
)
· v

With probability 1 − α(H), some coordinate in H is not in A. Under this event,
we upper-bound Covy(Σ−1y | S(y) = A, yA = x) by Covy(Σ−1y) = Σ−1 using the
facts that the missingness is linear thresholding and the aforementioned Corollary
2.1 of [KP77]. Under the complement event that H ⊆ A is fully observed, we use the
upper-bound Covy(Σ−1y | yH = xH), again by the same facts. By assumption 7.1.3,
α(A) ≥ α and so:

v⊤∇2(ℓ(µ))v ≥ α
(

v⊤Σ−1v− v⊤ · Cov
y

(Σ−1y | yH = xH) · v
)

= αv⊤
(

I −Σ−1 Var
y

(y | yH = xH)
)

Σ−1v (E.9)

We use the standard facts that for any set A:

(i) Vary(y | yA = xA) =

0 0
0 ΣĀĀ −ΣĀAΣ−1

AAΣAĀ



(ii) Σ−1 =

Σ−1
AA + Σ−1

AAΣAĀ(ΣĀĀ −ΣĀAΣ−1
AAΣAĀ)−1ΣĀAΣ−1

AA −Σ−1
AAΣAĀ(ΣĀĀ −ΣĀAΣ−1

AAΣAĀ)−1

−(ΣĀĀ −ΣĀAΣ−1
AAΣAĀ)−1ΣĀAΣ−1

AA (ΣĀĀ −ΣĀAΣ−1
AAΣAĀ)−1


Using them repeatedly to simplify (E.9), we get:

v⊤∇2(ℓ(µ))v ≥ αv⊤

I −

0 −Σ−1
HHΣHH̄

0 I

Σ−1v
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= αv⊤

I Σ−1
HHΣHH̄

0 0

Σ−1v

= αv⊤

Σ−1
HH 0
0 0

v

= αv⊤
HΣ−1

HHvH

Finally, we use our choice of H and that λmin(Σ−1
HH) = 1/λmax(ΣHH) ≥ 1/λmax(Σ)

to obtain our claim.

We now describe our solutions to the following three problems as outlined in
Section 7.4.

• Initialization: efficiently compute an initial feasible point from which to start
the optimization. The pseudocode for Initialize appears in Algorithm 9;

• Gradient estimation: design a nearly unbiased sampler for ∇ℓ(µ) using Langevin
sampling. The SampleGradient pseudocode appears in Algorithm 12;

• Efficient projection: perform an efficient projection into a set of feasible points
to make sure that PSGD converges. The pseudocode presents in Algorithm 11.

E.3.1 Gradient Estimation

Recall from the gradient expression in (7.2) that the main obstacle in computing
∇ℓ(µ) is the term E(A,x) Ey[y | S(y) = A, yA = x]. Here, (A, x) is an observation
generated from N (µ∗, Σ)S, while y is sampled from N (µ, Σ) for some µ ∈ Rd. So,
to implement SampleGradient, we need an approximately unbiased estimator.

The most straightforward way is to apply rejection sampling: for an (A, x)
generated by O, keep sampling y from the conditional2 distribution N (µ, Σ) | yA =
x) until S(y) = A. If µ∗ = µ, then the expected cost of the rejection sampling is
O(1/γ) by assumption 7.1.4, as yA = x implies yC = xC . The issue that arises is
that the probability of S(y) = A can decrease exponentially in the distance between
µ and µ∗, and so, rejection sampling becomes infeasible.

2We need to sample from the conditional distribution because y ≡ x occurs with probability
0 in the N (µ, Σ) measure.
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To sample the gradient when µ is far from µ∗, we use the projected Langevin
Monte Carlo algorithm [BEL18]. For an observation (A, x), suppose y ∼ N (µ, Σ),
and let µcond and Σcond be the mean and covariance of yĀ conditioned on yA = x.
It is well-known that the conditional distribution is Gaussian with:

µcond = µĀ + ΣĀ,AΣ−1
A,A(x− µA) (E.10)

Σcond = ΣĀ,Ā −ΣĀ,AΣ−1
A,AΣA,Ā (E.11)

where Ā represents [d] \ A. Let3 K = {z ∈ Rd−|A| | S(x ◦ z) = A}. The iteration of
the projected Langevin Monte Carlo algorithm takes the following form:

z(t+1) = ΠK∩BΣ(µ,R)

(
z(t) − η

2
Σ−1

cond(z(t) − µcond) +√η · ζ(t)
)

(E.12)

where η is a step-size parameter, R is an appropriate radius parameter, and ζ(0), ζ(1), . . .

are i.i.d. samples from the standard normal distribution in (d − |A|)-dimensions.
We implicitly make the reasonable assumption here that Mahalanobis projection
to the convex set ΠK∩BΣ(µ,R)(·) can be performed efficiently. The pseudocode for
SampleGradient appears in Algorithm 12.

E.3.2 Projection to Feasible Domain

Next, in each iteration of SGD in MissingDescent (Algorithm 10), we need to
choose a projection set to make sure that PSGD converges. Specifically, we project
a current guess back to a BΣ ball centered at µ(0).

E.3.3 Bounded Step Variance and Gradient Bias

Lemma 36. K∩BΣ(0, R1) ⊇ BΣ(c, r) for some c, where R1 =
√

d + O(
√

log(1/γ)
and r = Ω(γ/d2)

Lemma 37. For w ∼ N (µ, Σ), where ∥µ∥Σ ≤ S,

Pr[w /∈ BΣ(µ, R2) ∩K] ≤ ε

16
· Pr[w ∈ K]

where R2 = poly d, S, log(1/γ), log(1/ε) > R1.
3xA ◦ z, where z ∈ Rd−|A|, denotes the vector y ∈ Rd where yA = xA and yĀ = z.
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Figure E.2: An illustration of convex sets in Section 7.4.3.2.

Proof. Suppose v ∼ N (0, Σ). By standard concentration of gaussians:

Pr[∥v∥Σ >
√

d + O(
√

log(1/δ))] ≤ δ

Setting δ = γ/2, we get that:

Pr[v ∈ BΣ(0, R1) ∩ K] ≥ γ/2. (E.13)

Invoking Lemma 12 of [Che+22], we get that there exists c such that BΣ(0, R1)∩K
contains BΣ(c, r) for r = Ω(γ/d2).

Lemma 37. For w ∼ N (µ, Σ), where ∥µ∥Σ ≤ S,

Pr[w /∈ BΣ(µ, R2) ∩K] ≤ ε

16
· Pr[w ∈ K]

where R2 = poly d, S, log(1/γ), log(1/ε) > R1.

Proof. Using (E.13):

Pr[w ∈ K] ≥ Pr[w ∈ BΣ(0, R1) ∩ K] ≥ γ

2
exp

(
−∥µ∥

2
Σ + 2R1

2

)
≥ γ

2
exp

(
−S2

2
−R1

)

Call the lower-bound on the right γ′. Note that γ′ may be exponentially smaller
than γ for large S.

We define R2 large enough so that Pr[w /∈ BΣ(µ, R2)] ≤ ε
16γ′. By concentration

of gaussians, it suffices to take R2 =
√

d+O(
√

log(1/γ′)) =
√

d+O
(√

log 1
γε

+ S2 + R1
)
.

Note that the claim about R2 follows.

Theorem 7.4.2. Assume ∥µ∗ − µ∥Σ ≤ S. For R = Õ(
√

d + S + log(1/γε)), if
M = poly d, S, 1/γ, 1/ε and η = Θ̃(R2/M), then

dTV(z(M),N (W −1µcond, I)) ≤ ε.
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Proof of Theorem 7.4.2. With R2 as in Lemma 37, set R = R2 + S, so that L =
BΣ(µ, R) ∩ K. Since R2 > R1, Lemma 36 implies that L contains a ball of radius
r. On the other hand, by Lemma 37, Pr[w /∈ L] ≤ ε

4 Pr[w ∈ K] for w ∼ N (µ, Σ),
which implies that the truncation of N (µ, Σ) to K and to L are at most ε/2 far
from each other in TV distance.

We can now use the main result of [BEL18] to approximately sample from the
truncated gaussian N (µ, Σ;L) with TV error ε/2. This work analyzes the pro-
jected Langevin Monte Carlo algorithm for sampling from a distribution µ on Rd

whose density is proportional to exp(−f(x)) · 1[x ∈M] whereM is a convex body
containing the origin. Suppose for all x, y ∈ M, ∥∇f(x) − ∇f(y)∥ ≤ β∥x − y∥
and ∥∇f(x)∥ ≤ ℓ. Consider the Langevin dynamics with X̄0 = 0 and:

X̄k+1 = ΠM

(
X̄k −

η

2
∇f(X̄k) +√ηζk

)
where ζ0, ζ1, . . . are i.i.d. standard normal variables. If M contains a Euclidean
ball of radius 1 and is contained in a Euclidean ball of radius Rout, then The-
orem 1 of [BEL18] claims that dTV(X̄N , µ) ≤ ε if η = Θ̃(R2

out/N) and N =
Ω̃(R6

out max(d, Routℓ, Routβ)12/ε12).
In our context, Algorithm 12 already transforms by a Cholesky decomposition

of Σ so as to transform Mahalanobis distance to Euclidean distance. We can then
scale by r (from Lemma 36) to ensure that a Euclidean unit ball is contained inside
the transformed L. The radius of the outer ball is then Rout ≤ R/r ≤ Õ(d3S/γ).
We can bound the parameters β and ℓ (similarly to Section B.3 of [Che+22]):

β = O

(
γ2

d4

)
ℓ = Õ

(
γS

d1.5

)
So, invoking the result of [BEL18], for any particular x, the running time of
SampleGradient is poly d, S, 1/γ, 1/ε.

Corollary 7.4.3. Let ĝ be the output of Algorithm 12 with inputs x̃ and µ and
parameters R, M, η as in Theorem 7.4.2. Also, let g = −Ey∼N (µ,Σ)[Σ−1(y − µ) |
S(y) = A, yA = x]. Then, we have that:

∥E[ĝ]− g∥2 ≤ ε · poly S, d, 1/γ, 1/ε, λmax, 1/λmin (7.4)

Furthermore, we have the following bound

E[∥ĝ∥2
2] ≤ poly d, 1/γ, S, 1/λmin (7.5)
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Proof. We first show Equation 7.4:

∥E[ĝ]− g∥2 =
∥∥∥Σ−1

(
xA ◦ E[Wz(M)]− x̃A ◦ E[yĀ | S(y) = A, yA = x]

)∥∥∥
≤ 1

λmin(Σ)
∥E[Wz(M)]− E[yĀ | S(y) = A, yA = x]∥

≤
ε
√

λmax(Σ)
λmin(Σ)

(R + O(
√

log(1/γ)))

The last inequality holds by the guarantee of Theorem 7.4.2, as well as the fact
that z(M) is contained within BΣ(µcond, R) while E[yĀ | yA = xA,A(y) = A] is
within BΣ(µcond, O(

√
log(1/γ))) by assumption 7.1.4 and Lemma 6 of [Das+18].

Given the above and the existence of the projection step in the gradient esti-
mator, we can get the following bound on the centralized second moment of the
gradient estimator:

E[∥ĝ∥2
2] ≤ E[∥Σ−1(y−µ)∥2 | S(y) = A, yA = x]+ε

(
R√
λmin

)2

≤ poly d, 1/γ, S, 1/λmin

Bound on the Initialization

Lemma 38 (Empirical Parameters vs True Parameters). The empirical mean E[w]
computed using Õ(d log(nd/αβδ) log(1/δβ)

ε2 ) samples by sampling from the general miss-
ingness model with probability at least 1−δ satisfy ∥w−µ∗∥2 ≤ O

(√
λmax

β
log(1/α)

)
.

Proof. For each iteration of the for loop in Algorithm 9 uses Õ(βd log(nd/αδ′) log(1/δ′)
ε2 )

samples due to the sample complexity bound in Lemma 5 of [Che+22] by applying
Lemma 5 on Lemma 6 (1) using triangle inequality, and the bound holds with
probability 1− δ′. Since the for loop makes ⌈ 1

β
⌉ iterations, we conclude that using

Õ(d log(nd/αδ′) log(1/δ′)
ε2 ) samples, our algorithm satisfies with probability at least 1 −

δ′ · ⌈ 1
β
⌉ using union bound. Let δ = δ′ · ⌈ 1

β
⌉. We have δ′ = O(δβ). Therefore,

with Õ(d log(nd/αβδ) log(1/δβ)
ε2 ) samples, with probability at least 1 − δ, the output of

Algorithm 9 satisfies that ∥w− µ∗∥2 ≤ O
(√

λmax
β

log(1/α)
)
.

252



APPENDIX F. SUPPLEMENTARY MATERIAL - CHAPTER 8

Appendix F

Supplementary Material - Chapter
8

253



APPENDIX F. SUPPLEMENTARY MATERIAL - CHAPTER 8

F.1 p-tests and e-tests
Table F.1 summarizes key differences between p-tests and e-tests. While p-

tests are linked to controlling false positive rates and p-values, e-tests are closely
associated with likelihood ratios and betting game interpretations.

p-tests (Martin-Löf) e-tests (Levin)
Intuition False positives / p-values Betting games / likelihood ratios

Defining property ∀ϵ > 0, P (Λ(X) ≥ 1/ϵ) ≤ ϵ EX∼P (Λ(X)) ≤ 1
Prototypical example 1/P (τ(X) ≥ τ(x)) Q(x)/P (x)

Combination supi wiΛi
∑

i wiΛi

Combination (log form) supi{λi + log wi} log
(∑

i wi2λi

)
Universal test (log form) supi{λi(x)−K(i | P ∗)} − log P (x)−K(x | P ∗)

Table F.1: Summary of types of test statistics (outlier scores)

Deriving e-Tests from p-Tests [VW21] describe a number of ways to calibrate
any given p-test into an e-test. A natural choice is the Ramdas calibration, which
turns the p-test Λ into the e-test

Λ′(x) := Λ(x)− ln Λ(x)− 1
ln2 Λ(x)

. (F.1)

Example 7 (One-tailed p-value). For any feature statistic τ : X → R, the one-tailed
p-value is given by

Λτ (x) := P (τ(X) ≥ τ(x)). (F.2)

It is easily verified to be a p-test in probability form. The outlier score (8.2) is
simply the p-value test (F.2) expressed in log form.

Example 8 (Likelihood ratio). For any alternative hypothesis described by a sub-
probability distribution1 Q, the likelihood ratio is given by

ΛQ(x) := Q(x)
P (x)

. (F.3)

It is easily verified to be an e-test in ratio form; in fact, all e-tests can be written this
way. By the Neyman-Pearson lemma [NP33], when Q is a probability distribution,
ΛQ is the optimal test to distinguish between P and Q.

1The algorithmic information theory literature refers to sub-probability distributions as
semimeasures. They generalize probability measures by allowing their sum to be less than 1.
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For the purposes of anomaly detection, τ might correspond to a feature that we
expect would be higher for anomalies, while Q might correspond to a distribution
that we expect would result from some kind of anomaly. In practice, we can design
many tests, each specializing in a different kind of anomaly. The following lemma
allows us to merge many such tests into one.

Lemma 39 (Combination tests). Let Λi (or λi) be a finite or countably infinite
sequence of tests, with associated weights wi > 0 summing to at most 1. Then:

• If Λi are p-tests in prob. form, so is infi
Λi

wi
.

• If Λi are p-tests in ratio form, so is supi wiΛi.

• If λi are p-tests in log form, so is supi{λi + log wi}.

• If Λi are e-tests in prob. form, so is
(∑

i
wi

Λi

)−1
.

• If Λi are e-tests in ratio form, so is ∑i wiΛi.

• If λi are e-tests in log form, so is log
(∑

i wi2λi

)
.

Proof. [GRW06] state a similar result for finitely many independent p-tests, calling
the combination test a weighted Bonferroni procedure. [VW21] state a similar result
for equally weighted e-tests. It is fairly straightforward to extend these works to
our setting; for completeness, the proof is as follows. First, given some p-tests Λi

in ratio form, we verify Definition 8.2.1 for their combination supi wiΛi:

P
(

sup
i

wiΛi(X) ≥ 1
ϵ

)
≤
∑

i

P
(

Λi(X) ≥ 1
wiϵ

)
≤
∑

i

wiϵ ≤ ϵ.

Next, given e-tests Λi in ratio form, we verify Definition 8.2.1 for their combination∑
i wiΛi:

E
(∑

i

wiΛi(X)
)

=
∑

i

wi E(Λi(X)) ≤
∑

i

wi ≤ 1.

Transforming the tests into probability and log form yields the remaining results.

Example 9 (Two-tailed p-value). By combining the one-tailed p-values (F.2) for the
feature statistics τ and −τ , each with weight 0.5, we obtain the two-tailed p-value

Λ±τ (x) := min {Λτ (x)/0.5, Λ−τ (x)/0.5)}

= 2 min {Pr(τ(X) ≥ τ(x)), Pr(τ(X) ≤ τ(x)))}.
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From now on, we express tests in log form except where stated otherwise. By
Lemma 39, a combination test exceeds each of its component tests, up to the ad-
ditive regularization term log wi which does not depend on the sample x. This
enables us to commit to a combination test a priori, while postponing the search
over component tests until after observing x.

Unfortunately, the regularization term does depend on i, and becomes arbitrar-
ily large as the number of tests becomes large or infinite. If we want the combination
test to be competitive with its most promising component tests, it becomes impor-
tant to choose the weights well [WR06]. The problem of choosing wi is analogous to
that of choosing Bayesian priors, and is philosophically challenged by formal impos-
sibility results in the theory of inductive inference [Ada+19; Wol23]. Fortunately,
computability poses a useful constraint on the set of permissible tests as well as
priors [RH11]. It is suggestive that every computable sequence of weights wi can
be turned into a computable binary code with lengths ⌈− log wi⌉ [CT06b]. Thus,
minimizing the regularization penalty amounts to finding the shortest computable
encoding for i.

F.2 Constructing the universal e-test
To develop a universal e-test, we first need to establish some fundamental com-

putability concepts that will be essential for our construction.
We say a function f : {0, 1}∗ → R is lower (or upper) semicomputable if it can

be computably approximated from below (or above, respectively). For example, the
Kolmogorov complexity K is upper, but not lower, semicomputable: by running all
programs in parallel, we gradually find shorter programs that output x. We say f

is computable if it is both lower and upper and semicomputable.
We say a p-test or e-test is semicomputable, if it is lower semicomputable when

expressed as a function in either ratio or log form. A semicomputable p-test is
called a Martin-Löf test [Mar66], while a semicomputable e-test is called a Levin test
[Lev76]. Intuitively, semicomputable tests detect more anomalies as computation
time increases. By restricting attention to semicomputable tests, it becomes possible
to create universal combinations of them.

We return to the problem of optimizing the weights in Lemma 39: we would like
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to dominate not only each of the individual component tests, but also each of the
combination tests obtainable by some computable sequence of weights wi. Note that
the constraints on wi amount to specifying a discrete sub-probability distribution.
Among all lower semicomputable discrete sub-probability distributions,

mi := 2−K(i|P ∗) (F.4)

is universal in the sense that for all alternatives w and all i,

log mi

+
≥ log wi −K(w | P ∗).

This also holds when P is replaced by any other piece of prior knowledge.
Now, applying Lemma 39 with the universal weights (F.4), to any sequence of

p-tests λi in log form, yields their universal combination

λ(x) := sup
i
{λi(x)−K(i | P ∗)}.

In the case where {λi}∞
i=1 is a computable enumeration of some Martin-Löf tests, λ

is itself a Martin-Löf test. It follows that if {λi}∞
i=1 enumerates all Martin-Löf tests,

then λ is universal among them. Every program p that outputs i with access to P ,
determines the feature λp := λi. Moreover, it satisfies |p| ≥ K(i | P ∗), with equality
for the shortest such program. Therefore, we can rewrite the universal Martin-Löf
test as

ρ(x) := sup
p
{λp(x)− |p|}. (F.5)

With e-tests, the situation is even nicer because Equation (F.3) provides a one-to-
one correspondence between e-tests ΛQ and sub-probability distributions Q. More-
over, if we assume P to be computable, an e-test for it is semicomputable (i.e., is
a Levin test) iff its corresponding Q is lower semicomputable. Applying Lemma 39
with the universal weights (F.4), to the likelihood ratios ΛQi

, yields their universal
combination

Λ(x) :=
∑

i

miΛQi
(x) =

∑
i miQi(x)
P (x)

.

In the case where {Qi}∞
i=1 enumerates all lower semicomputable sub-probability

measures, Theorem 4.3.3 in [LV97] implies∑i miQi(x)×=m(x | P ∗), where ×= indicate
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equality up to a multiplicative term. Switching to log form, we obtain the universal
Levin test

δ(x) := log m(x | P ∗)
P (x)

= log 1
P (x)

−K(x | P ∗). (F.6)

By the Kraft inequality, it is an e-test in log form. Note that (F.6) is the
difference between a Shannon code length and a shortest program length for x.
Intuitively, δ is high whenever the Shannon code derived from P is inefficient at
compressing x, indicating that x possesses regularities that are atypical of P .

The algorithmic information theory literature uses the term randomness defi-
ciency to refer to either the universal Martin-Löf test (F.5) or the universal Levin
test (F.6). Keeping in mind conversions such as (F.1) between the two types of
tests, we will develop our theory in terms of the latter.

Example 10 (Feature Selection through Universal Tests). Consider an infinite se-
quence of basis feature functions (fi), where log P is expressed as a linear combi-
nation of finitely many features: log P := ∑

i αifi. When an observation x exhibits
atypical feature values under P , it would typically have a substantially higher like-
lihood under some modified linear combination log P̃ := ∑

i α̃ifi.
If we assume the description of P is given in terms of the coefficient vector α,

we can bound the Kolmogorov complexity:

K(x | P ∗)
+
≤ K(α̃ | α) + log 1

P̃ (x)
,

This leads to a lower bound on the Levin test:

δP (x) = − log P (x)−K(x | P ∗)
+
≥ log P̃ (x)

P (x)
−K(α̃ | α).

The bound becomes large when the improvement in likelihood (first term) sub-
stantially exceeds the complexity cost K(α̃ | α) required to modify the coefficients.
This demonstrates how the universal tests naturally detect feature-based anomalies:
when certain feature statistics of x are unusual under P , there exists an alternative
distribution P̃ that better explains these feature values, leading to a high value of
δP (x).
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F.3 Decomposition of randomness deficiency
Lemma 16. (Decomposition of randomness deficiency for a cause-effect pair) For
any two random variables X → Y (i.e., X being the cause of Y ), and for specific
observations x and y, the following equality holds under Postulate 8.2.4 for the DAG
in Fig. 8.1:

δ(x, y) += δ(x) + δ(y | x)

Proof. By Eqs. (8.5) and (8.6), we have:

δ(x, y) += − log P (x, y)−K(x, y | (PX,Y )∗)
+= − log P (x, y)−K(x | (PX,Y )∗)−K(y | (x, PX,Y )∗),

δ(x) + δ(y | x) += − log P (x, y)−K(x | (PX)∗)−K(y | (x, PY |X)∗).

To complete the proof, it suffices to establish the following:

(1) K(x | (PX,Y )∗) += K(x | (PX)∗) and (2) K(y | (x, PX,Y )∗) += K(y | (x, PY |X)∗)

Proof of (1): Applying Lemma 15 to our bivariate case yields x ⊥⊥ PY |X |PX .
Hence,

K(x | (PX,Y )∗) += K(x | (PY |X , PX)∗) += K(x | (PX)∗).

Proof of (2): By Lemma 15, y ⊥⊥ PX | x, PY |X , meaning that PX becomes
irrelevant when predicting y from a shortest program for x and PY |X . Hence,

K(y | (x, PX,Y )∗) += K(y | (x, PY |X , PX)∗) += K(y | (x, PY |X)∗).

Theorem 8.3.1 (Decomposition of multivariate joint randomness deficiency). Let
the set of strings x1, x2, . . . , xn be causally connected by a directed acyclic graph
G, so that the causal Markov condition holds for Gm. Then the joint randomness
deficiency of all strings x1, x2, . . . , xn decomposes into the conditional randomness
deficiencies of the mechanisms:

δ(x1, . . . , xn) +=
n∑

j=1
δ(xj | paj),

where δ(xj | paj) denotes the randomness deficiency of xj given its parents.
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Proof. We prove this theorem by induction on n.
Base case: When n = 1, we have pa1 = ∅, so the claim is trivial.
Inductive Hypothesis: Assume that for any sequence of n−1 strings x1, x2, . . . , xn−1,

δ(x1, . . . , xn−1)
+=

n−1∑
j=1

δ(xj | paj).

Inductive Step: Now we must prove the statement holds for n strings. The
statistical Markov condition yields

P (xn | x1, . . . , xn−1) = P (xn | pan).

Meanwhile, the algorithmic Markov condition gives us Lemma 15, which implies

xn ⊥⊥ x1, . . . , xn−1 | (pan, PXn| Pan)∗.

Together with PXn|X1,...,Xn−1 = PXn|Pan , this yields

K(xn | (x1, . . . , xn−1, PXn|X1,...,Xn−1)∗) += K(xn | (pan, PXn|Pan)∗).

Putting these results together,

δ(xn | x1, . . . , xn−1) := − log P (xn | x1, . . . , xn−1)−K(xn | (x1, . . . , xn−1, PXn|X1,...,Xn−1)∗)
+= − log P (xn | pan)−K(xn | (pan, PXn|Pan)∗)

= δ(xn | pan).

Finally, we combine the inductive hypothesis with Lemma 16, with x := (x1, . . . , xn−1)
and y := xn:

δ(x1, . . . , xn) += δ(x1, . . . , xn−1) + δ(xn | x1, . . . , xn−1)

+=
n∑

j=1
δ(xj | paj).

This completes the inductive step and the proof.

F.4 Monotonicity of Randomness Deficiency
Theorem 8.4.1 (Weak anomalies do not cause stronger ones). If there is a unique
root cause j ∈ {1, . . . , n}, in the sense that

δ(xi | pai)
+= 0 for i ̸= j,
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and the conditions of Theorem 8.3.1 are met,

then, δ(xi)
+
≤ δ(xj | paj) ∀i ∈ {1, . . . , n}. (8.7)

Proof. Theorem 8.3.1 states that the joint randomness deficiency of x1, . . . , xn de-
composes into the sum of conditional randomness deficiencies of their mechanisms:

δ(x1, . . . , xn) +=
n∑

j=1
δ(xj | paj). (F.7)

We are given that there exists a unique root cause j ∈ {1, . . . , n} such that δ(xi |
pai)

+= 0 for all i ̸= j. Substituting this condition into Equation F.7, the sum
simplifies:

δ(x1, . . . , xn) += δ(xj | paj) +
n∑

k ̸=j,k=1
δ(xk | pak)

Since δ(xk | pak) += 0 for k ̸= j, this reduces to:

δ(x1, . . . , xn) += δ(xj | paj). (F.8)

Eq. (F.8) indicates that the total randomness deficiency of the joint observation
(x1, . . . , xn) is approximately equal to the randomness deficiency of the unique root
cause mechanism δ(xj | paj). Furthermore, according to Corollary 4.1.11 from
[Gác21] which states non-increasingness of δ under marginalization:

δ(xi)
+
≤ δ(x1, . . . , xn).

and thus:
δ(xi)

+
≤ δ(xj | paj) ∀i ∈ {1, . . . , n}.

F.5 Non-increasingness of Mahalanobis distance
Let x ∈ Rn, and let Qx denote the projection of x onto the subspace spanned

by the variables Xi1 , . . . , Xik
, where k < n. We express the covariance matrix ΣX

in block matrix form as

ΣX =

 Σ11 Σ12

Σ21 Σ22

 ,
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with index 1 referring to the variables i1, . . . , ik and 2 to the remaining variables.
Using a known formula for inversion of 2× 2 block matrices (see Proposition 3.9.7
in [bernstein2009]), we obtain

Σ−1
X =

 Σ−1
11 + Σ−1

11 Σ12AΣ21Σ−1
11 −Σ−1

11 Σ12A

−AΣ21Σ−1
11 A

 ,

with A := (Σ22 − Σ21Σ−1
11 Σ12)−1. We now compute the difference between the

squared Mahalanobis distances on Rn and Rk:

xT Σ−1
X x− (Qx)T Σ−1

11 Qx = xT Cx, (F.9)

with

C :=

 Σ−1
11 Σ12AΣ21Σ−1

11 −Σ−1
11 Σ12A

−AΣ21Σ−1
11 A

 =

 Σ−1
11 Σ12 0

0 −1

 A A

A A

 Σ21Σ−1
11 0

0 −1

 .

Since A is positive semi-definite, and the rightmost matrix in the product is the
transpose of the leftmost matrix, it follows that C is also positive semi-definite.
Hence, Equation F.9 is non-negative.
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